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ABSTRACT
The pu rpose  o f t h i s  work i s  to  examine th e  a lg e b ra ic  and topo­
lo g ic a l  s t r u c tu r e  o f compact connected  sem igroups.
Of th e  u tm ost im portance th roughou t i s  th e  n o tio n  o f ap o synd ic  i t y ,  
due to  F„ B . Jo n e s . A continuum  S i s  s a id  to  be ap o sy n d e tic  a t  a  
p o in t  x  w ith  r e s p e c t  to  a  p o in t  y  i f  th e re  i s  a  subcontinuum  o f S 
which does n o t c o n ta in  y and co n ta in s  x  w ith in  an open s e t .  I f  p i s  a 
p o in t  o f S , th e  s e t  T(p) i s  d e fin ed  as th e  s e t  o f  a l l  p o in ts  x  such 
th a t  S i s  n o t ap o sy n d e tic  a t  x  w ith  re s p e c t  to  p .  I t  i s  w e ll  known 
th a t  th e  s e t  T(p) i s  a  continuum . The a lg e b ra ic  p ro p e r t ie s  o f th e se  
s e ts  a re  f i r s t  s tu d ie d . Of p a r t i c u la r  i n t e r e s t  a re  th e  symmetric T(p) 
s e t s ,  which have th e  p ro p e r ty  t h a t  f o r  any x  in  T(p) i t  i s  t r i e  t h a t  
p i s  a p o in t  o f  T(x)» For in s ta n c e ,  i t  i s  shown th a t  i f  S = ESE, where 
E denotes th e  s e t  o f  id em p o ten ts , and th e  symmetric T(p) s e t  s e p a ra te s  
S in to  two m u tu a lly  s e p a ra te  s e ts  A and B, w ith  K, th e  minimal i d e a l ,  
a  su b se t o f  A, th e n  th e  id e a l  g en era ted  by T(p) i s  co n ta in ed  i n  th e  
c lo su re  o f  A. The r e la t io n s  o f  th e  s e t  T(p) to  v a r io u s  ty p es  o f id e a ls  
a re  co n s id e red . S e v e ra l theorem s o f W. M» F a u c e tt  a r e  extended to  th e  
n o n -ap o sy n d e tic  s i t u a t io n .  C onditions under which th e  s e ts  T(p) form  
to p o lo g ic a l  groups a re  o b ta in e d . The c o n d itio n  o f  symmetry, which i s  
c e r t a in ly  n e ce ssa ry  f o r  th e  s e ts  T(p) to  form an upper sem i-continuous 
decom position , i s  seen  w ith  c e r ta in  a lg e b ra ic  c o n d itio n s  to  be 
s u f f i c i e n t .  T h is i s  th en  used  in  th e  s tu d y  o f i r r e d u c ib le
iv
c o n tin u a . As a  c o r o l la r y ,  i t  fo llo w s  t h a t  a continuum  w ith  z e ro ,
O
i r r e d u c ib le  betw een two p o in t s ,  w ith  S = S i s  an a r c .  This in c lu d e s  
a  r e s u l t  o f  R, J .  Koch and A. D. W allace . The te c h n iq u e  employed i s  
to  form an upper sem i-co n tin u o u s  decom position  o f  s e t s  T(p) in to  an 
ap o sy n d e tic  continuum  i r r e d u c ib le  betw een two p o in ts  which i s  th en  an 
a r c .  The hy p ersp ace  i s  th en  exam ined, and from  th e  f a c t  t h a t  th e  s e ts  
T (p) each c o n ta in  a t  m ost one id em p o ten t, a  l o c a l  c ro ss  s e c t io n  i s  
p o s s ib le  which i s  an a r c .  The to p o lo g ic a l  s t r u c tu r e  o f  K, th e  m inim al 
i d e a l  o f  S , i s  th e n  c o n s id e re d  in  d e t a i l .  C o n d itio n s  under which K i s  
an a rc  o r  an indecom posable continuum  a re  o b ta in e d . The r e s u l t s  'w ill 
g e n e ra l iz e  to  c o n tin u a  which a re  i r r e d u c ib le  ab o u t a  f i n i t e  s e t .
F in a l ly ,  o u r a t t e n t io n  i s  fo c u sed  upon one d im en sio n a l c o n tin u a . 
I t  i s  shown t h a t  i f  S i s  an  h e r e d i t a r i l y  u n ic o h e re n t continuum  w ith  a  
u n i t  and zero  th e n  S i s  a rc w ise  co n n ec ted . The te ch n iq u e  i s  to  show 
t h a t  th e  un ique  continuum  i r r e d u c ib le  from  th e  ze ro  elem ent to  th e  
u n i t  i s  a  sem igroup . I t  th e n  fo llo w s  from  th e  th e o ry  on i r r e d u c ib le  
c o n tin u a  t h a t  t h i s  continuum  i s  an a r c .  A number o f  known theorem s
a re  im m ediate from  t h i s .  A n o tio n  o f  en d p o in t i s  co n s id e re d  f o r  such
c o n tin u a  and found  to  a f f e c t  c o n s id e ra b ly  th e  a lg e b r a ic  s t r u c t u r e .
F o r  in s ta n c e  i t  i s  shown t h a t  th e  en d p o in ts  b e in g  idem poten t and 
commuting one w ith  a n o th e r  and th e  e x is te n c e  o f  a  ze ro  im ply  S i s
a b e l ia n .  The s t r u c tu r e  o f  h e r e d i t a r i l y  u n ic o h e re n t co n tin u a  i s  th en
a p p lie d  to  some p la n e  c o n tin u a  and c o n tin u a  hav in g  c e r t a in  hom ogeneity 
p r o p e r t i e s •
CHAPTER I
NON-APOSINDETIC CONSIDERATIONS IN SEMIGROUPS
By a  to p o lo g ic a l  sem igroup we mean a  H a u sd o rff  sp ace  w ith  an 
a s s o c i a t i v e  co n tin u o u s  m u l t i p l i c a t i o n .  By th e  l e t t e r  S we w i l l  mean, 
th ro u g h o u t t h i s  w ork, a  to p o lo g ic a l  semigroup® A continuum  i s  a  
com pact co n n ec ted  H a u sd o rff  s p a c e . Itfe s h a l l  be  i n t e r e s t e d ,  i n  
p a r t i c u l a r ,  i n  th e  a lg e b r a ic  s t r u c t u r e  o f  sem igroups which a re  c o n tin u a . 
These have b een  s tu d ie d  i n  (7 ) by  means o f  t h e i r  s e p a ra t in g  p o in t  
p r o p e r t i e s ,^  and i n  (1 3 ) b y  means o f  t h e i r  weak c u t  p o in t  p r o p e r t i e s .
Of fu n d em en ta l im p o rtan ce  i n  t h i s  work w i l l  b e  a  g e n e r a l i z a t io n  
o f  c o n n ec ted n ess  i n  k le in em  due to  Jones ( 8 ) .  A continuum  X i s  s a id  
to  be  a p o sy n d e tic  a t  a  p o in t  x  w ith  r e s p e c t  to  a  p o in t  y  i f  th e r e  i s  a  
subcontinuum  n o t  c o n ta in in g  y  which c o n ta in s  x w i th in  an  open s e t .  The 
s e t  T (p ) ,  w hich Jones n o te d  was a con tinuum , i s  d e f in e d  to  b e  th e  s e t  
o f  p o in t s  x  such  t h a t  S i s  n o t  a p o sy n d e tic  a t  x  w ith  r e s p e c t  to  p .
The s e t  T (u ) , w here u  d en o te s  th e  u n i t  o f  S , has been  s tu d ie d  i n  (13) 
w here i t  was shown t h a t  f o r  a  homogeneous continuum , T (u) ■ u  ,
Among o th e r  c o n s id e ra t io n s  we s h a l l  develop  c o n d i t io n s ,  in v o lv in g  
v a r io u s  ty p e s  o f  i d e a l s ,  u n d e r  w hich th e  s e t s  T (p) a r e  g ro u p s . Of
numbers i n  p a re n th e s e s  r e f e r  to  w orks i n  th e  s e le c te d  
b ib l io g ra p h y •
2:
p a r t i c u l a r  i n t e r e s t  w i l l  be th e  T (p) s e t s  which a r e  sym m etric , t h a t  i s ,  
h a v in g  th e  p r o p e r ty  t h a t  f o r  x  c o n ta in e d  i n  T (p ) i t  i s  t r u e  t h a t  p  i s  a  
member o f  T (x ) • There a r e  a  number o f  re a so n s  f o r  t h i s  in t e r e s t*  The 
above c o n d i t io n  w ould o b v io u sly  be n e c e s sa ry  f o r  th e  T(p) s e ts  to  form  
an  u p p er sem i-co n tin u o u s  c o l l e c t i o n ,  and as we s h a l l  s e e ,  th e s e  s e t s  
a r e  sym m etric in  i r r e d u c ib l e  co n tin u a*  I n  t h i s  s i t u a t i o n  we s h a l l  
s e e  t h a t  th e  s e t s  T (p) do form  an u p p er sem i-co n tin u o u s  decom position  
o f  S*
We now l i s t  some o f  th e  s ta n d a rd  d e f in i t i o n s  and te rras  u sed  i n  th e  
s tu d y  o f to p o lo g ic a l  sem ig ro u p s. A l e f t  ( r ig h t )  i d e a l  i s  a  n o n -v o id  
s u b s e t  I  such  t h a t  S I (IS ) i s  a  s u b s e t  o f  I*  A two s id e d  id e a l  i s  
c a l l e d  s im p ly  an id e a l*  The m inim al i d e a l ,  i f  i t  e x i s t s ,  i s  denoted  
by  K» I t  i s  known t h a t  i f  S i s  compact th e n  K e x i s t s  and  i s  a r e t r a c t -
p
o f  S* A sub-sem igroup  i s  a  s u b s e t  A such  t h a t  A i s  a  s u b s e t  o f  A*
By a  c la n  we mean a  compact con n ec ted  to p o lo g ic a l  sem igroup w ith  a  u n i t .
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I f  e i s  a  p o in t  o f S such  t h a t  e s  e th e n  e i s  c a l le d  an idem potent*  
The s e t  E o f  a l l  id e m p o te n ts , i s  c lo sed *  I f  A i s  a  s u b s e t  o f  S th e n  
J(A ) = A + SA. + AS + SAS* The s e t  J  i s  d e f in e d  a s  th e  s e t  o f  a l l  x
Jr
such  t h a t  J (x )  =* J (p )«  I f  e i s  an  id em p o ten t th e n  H(e) d en o te s  th e  
m axim al subgroup c o n ta in in g  e®
Thoughout, we s h a l l  assume S to  b e  compact and co n n ec ted .
The fo llo w in g  d e f i n i t i o n  can be found  i n  (8 )®
DEFINITION 1*1* A continuum  S i s  s a id  t o  be ap o sy n d e tic  a t  a  p o in t  x  
w ith  r e s p e c t  to  a  p o in t  y  i f  th e r e  i s  a  subcontinuum  o f  S which does 
n o t  c o n ta in  y  and c o n ta in s  x  w ith in  an open s e t .
3
DEFINITION 1®2® For any p o in t  p th e  s e t  T(p) i s  d e fin ed  to  be th e  s e t  
o f  a l l  p o in ts  x  such th a t  S i s  n o t aposy n d e tic  a t  x  w ith  r e s p e c t  to  p®
I t  i s  known, (1 0 ), t h a t  T(p) i s  a  continuum.® F or com pleteness, 
we in d ic a te  a  p ro o f  o f t h i s  f a c t .  Suppose on th e  c o n tra ry  t h a t  T(p) 
i s  th e  sum o f two m u tu ally  se p a ra te d  s e ts  A and B w ith  p a  p o in t  o f  A. 
L et V be an open s e t  about A such t h a t  F , th e  boundary o f  V, does n o t 
meet T (p ) , For each p o in t  f  o f  F th e re  i s  a  subcontinuum  n o t con­
ta in in g  p ,  and c o n ta in in g  f  in  an open s e t .  S ince  F i s  covered  by a  
f i n i t e  number o f such open s e t s ,  i t  fo llow s t h a t  th e  s e t  (S -  V) -s* ( th e  
sum o f th e  f i n i t e  number o f co n tin u a  whose i n t e r i o r s  cover F) i s  th e  
sum o f f i n i t e l y  many components. I f  b  i s  any p o in t  o f  B th e n  th e  clo» 
su re  o f  i t s  component i s  a continuum w ith  i n t e r i o r  c o n ta in in g  b and 
n o t p . T his i s  a  con trad ic tion®
The fo llo w in g  theorem  was proved  in  (13) under th e  assum ption th a t  
S was a clan®
THEOREM X®1® I f  S ** ES * SE and T(p.) meets an id e a l  I ,  th e n  p i s  a  
p o in t  o f  I®
PROOF. Suppose on th e  c o n tra ry  th a t  p i s  n o t  i n  I® Let x  be a  p o in t  
in  th e  common p a r t  o f  I  and T(p)« L et D be an open s e t  ab o u t J (x )  such 
th a t  p i s  n o t in  D*» I f  J  denotes th e  sum o f  th e  id e a ls  o f  S which 
a re  co n ta in ed  i n  th e  s e t  D th e n  J i s  open by (16) and i s  connected 
s in c e  S a ES + SE (15>)« But i s  a  continuum which does c o n ta in  p 
b u t c o n ta in s  x  in  J ,  an open s e t .  This i s  a  co n trad ic tio n ®
u
THEOREM 1.2® I f  S = ES and T(p) m eets th e  l e f t  i d e a l  L th e n  p i s  a 
p o in t  o f  L + K®
PROOF. The argum ent i s  s im i la r  to  t h a t  o f  Theorem 1 .1 .
THEOREM 1.3® =■> T (p) A + B  m u tu a lly  s e p a r a te , S 25 ES + SE, and
K i s  a  su b se t o f  A th e n  J (p )  i s  c o n ta in e d  in  A'".
PROOF. I f  J  d en o tes  th e  sum o f  th e  id e a l s  c o n ta in e d  i n  A th e n  J  i s  
open (1 6 ). S in c e  J* i s  an  i d e a l  p ro p e r ly  c o n ta in in g  J  i t  fo llo w s  t h a t  
J*  m eets T (p ) .  By Theorem 1 .1  th e  p o in t  p  i s  i n  J* and  th e  theorem  
fo llo w s .
The fo llo w in g  d e f i n i t i o n ,  whose m o tiv a tio n  has been  in d ic a te d ,  
w i l l ,  i n  th e  f u tu r e ,  p ro v e  q u i te  n a t u r a l .
DEFINITION 1 .3*  The s e t  T (p) i s  s a id  to  be  sym m etric i f  f o r  any x  i n  
T(p) i t  i s  t r u e  t h a t  p i s  a  p o in t  o f  T(x)«
THEOREM l .U .  I f  i n  Theorem 1*3 th e  s e t  T (p) i s  assumed to  be sym m etric 
th e n  J (T (p ) )  i s  c o n ta in e d  i n  a\
I t  i s  e a sy  to  see  t h a t  th e  r e s t r i c t i o n  t h a t  T (p) be sym m etric i s  
n e c e s sa ry  in  Theorem l . l i .  The sym m etric T(p) s e t s  a r e  o f  i n t e r e s t  in  
them selves and we s h a l l  now examine them f u r t h e r .
THEOREM 1 .5 .  Suppose S *= ESE and p i s  n o t  a  p o in t  o f  K* I f  T (p) i s  
sym m etric th e n  i t  c o n ta in s  a t  m ost one id em p o ten t.
PROOF. I f  e and f  a re  two idem potents In  T(p.), c o n s id e r eS and Sf®
Both s e ts  c o n ta in  T (p ) j hence 0 E e f  E f ,
The p re v io u s  theorem  su g g ests  the. p o s s i b i l i t y  o f a  lo c a l  c ro s s -  
s e c tio n  when th e  s e ts  T(p) form a  decom position . We s h a l l  see  l a t e r  
th a t  t h i s  i s  indeed  th e  s i tu a t io n  f o r  i r r e d u c ib le  continua®
In  most o f  th e  fo llo w in g  theorem s we s h a l l  examine th e  s e ts  T(p) 
in  r e l a t io n  to  th e  id e a ls  o f  S*
THEOREM 1*6® Suppose T(p) i s  sym m etric> S 55 ESE and th a t  S -  T(p) ®
A + B, m u tu ally  s e p a ra te ® I f  A i s  a  prim e id e a l  th en  T(p) i s  a  group. 
PROOF. I f  x  and y  a re  two p o in ts  o f  T(p) th en  xy i s  in  T(p) B s in c e
ftA i s  p rim e . Now A i s  an i d e a l  and by Theorem 1*1 co n ta in s  th e  s e t  
T(p) * Thus* xy i s  co n ta in ed  in  A and hence in  T (p ) .  S ince T(p) i s  a  
c o n ta c t semigroup i t  co n ta in s  an idem potent e which i s  th e  on ly  
idem potent in  T(p) by theorem  1*5* S ince  eS and Se m eet T (p ) , th ey  
b o th  c o n ta in  T(p) by th e  symmetry c o n d itio n . S ince  T(p) i s  a semigroup 
w ith  a u n i t  and no o th e r  idem potents i t  fo llo w s th a t  T(p) I s  a  group 
010.
The fo llo w in g  n o tio n  w i l l  be u s e fu l  th roughou t t h i s  work®
DEFINITION l J u  The s e t  C i s  s a id  to  weakly cu t th e  s e t  A from th e  s e t  
B i f  C meets every  continuum which meets bo th  A and B. I f  C i s  a  p o in t  
i t  i s . s a i d  to  be a weak cu t p o in t .
THEOREM 1 .7 .  "Suppose T(p) i s  symmetric and weakly c u ts  th e  id e a l  A
6
does n o t  meet A»
Proof* Suppose on th e  c o n tra ry  t h a t  th e  p o in ts  x  and y a re  in  T(p) +
B and xy  i s  in  A. S in ce  th e  continuum  Sx m eets b o th  A and B i t  m eets 
T (p ) , and hence c o n ta in s  T (p ) . L ikew ise yS c o n ta in s  T (p ) , L e t c and 
d be two p o in ts  i n  T(p) such th a t  cd i s  i n  T(p)» Now c **• sx  and 
d »  y t  so  t h a t  cd »  ( s x ) ( y t )  *= s ( x y ) t  i s  a  p o in t  o f  A. which i s  a  
c o n tra d ic tio n *
»
The fo llo w in g  theorem  i s  now immediate©
THEOREM 1*8. Suppose S = ESE, th e  s e t  T(p) i s  sym m etric, S -  T(p) “
2A + B m u tu a lly  s e p a ra te , and A i s  an i d e a l .  I f  (T (p )) m eets T(p) 
t hen A i s  p rim e*
The above theorem , a s  w e ll  as  Theorems 1*3 and 1*6, may be  con­
s id e r e d ,  in  a  c e r t a in  s e n se , to  be non -ap o sy n d e tic  analogues o f  F a u c e t t 's  
r e s u l t s  (7)* In  t h a t  work th e  em phasis i s  upon a s e p a ra t in g  p o in t  and 
th e  i d e a l  i t  g en e ra te s*
DEFINITION 1 .5 .  An i d e a l  I  i s  s a id  to  be sem i-prim e i f  i s  n o t i n  I
u n le ss  x  i s  a p o in t  o f  I©
THEOREM 1.9* Suppose S ** ESE and t h a t  S -  T (p) »  A + B m u tu a lly  
s e p a ra te * I f  A i s  a  sem i-prim e id e a l  i t  i s  a  prim e i d e a l .
A
PROOF* S ince P i s  n o t c o n ta in e d  in  A and s in c e  J (p )  i s  c o n ta in e d  in  
A i t  fo llo w s t h a t  p i s  a  p o in t  in  T (p ) . Now suppose x  and y  a r e  n o t 
i n  A b u t  in  xy i s .  S in ce  Sx m eets T(p') 4t  fo llo w s t h a t  p s  sx  f o r  some
• p
s® l ik e w is e  p  ® y t„  Now th e n ,  p = ( sx )  ( y t)  ~ s ( x y ) t  and. h en ce  i s  i n
A s in c e  A i s  an  i d e a l .  T h is  i s  a  c o n t r a d i c t io n .
C o n d itio n s  i n  some o f  th e  p re v io u s  theorem s may b e  w eakened i n  
a c c o rd a n c e  w ith  th e  above th eo rem .
The fo llo w in g  th eo rem  a s s e r t s ,  f o r  exam ple, t h a t  th e  sum o f  two 
ta n g e n t  in d ecom posab le  c o n tin u a  ca n n o t b e  a  sem igroup w ith  u n i t .  We 
s h a l l  exam ine a  g e n e r a l i z a t i o n  o f  t h i s  s i t u a t i o n  more c lo s e ly  i n  th e  
l a s t  c h a p te r .
THEOREM 1 .1 0 .  Suppose S = ES «• SE and p i s  i n  S -  K. I f  T (p) i s  
sym m etric i t  h as  vacuous i n t e r i o r .
PROOF. Suppose t h e r e  i s  an  open s e t  0 c o n ta in e d  i n  T (p )»  I f  J  d e n o te s
■ f tt h e  u n io n  o f  th e  i d e a l s  c o n ta in e d  i n  S -  0 th e n  I ,  th e  com ponent o f  J
c o n ta in in g  K, I s  an  i d e a l  and h a s  a  l i m i t  p o in t  x  i n  th e  bou n d ary  o f  0*
■ f tHow ever, J (x )  i s  c o n ta in e d  i n  I  ,  w hich  i s  a  s u b s e t  o f  S -  0 .  T h is  i s  
im p o s s ib le  s in c e  J ( x )  c o n ta in s  T (p ) .
I t  i s  e a sy  to  s e e  t h a t  th e  c o n d i t io n  o f  symmetry i s  n e c e s s a ry  i n  
th e  fo l lo w in g .
THEOREM 1 .1 1 .  Suppose S ® ESE and  p i s  n o t  i n  K« I f  T (p) i s  sym m etric  
and  m eets  H (e) i t  i s  a  s u b s e t  o f  H (e ) .
PROOF. The l e f t  i d e a l  Se m eets H (e) and hence c o n ta in s  H ( e ) .  S in c e  
eSe i s  th e  common p a r t  o f  eS and  Se i t  i s  c l e a r  t h a t  T (p ) i s  a  s u b s e t  
o f  e S e . The id e m p o te n t e ,  we n o te ,  i s  a  u n i t  f o r  T (p )* L e t x  b e  a
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p o in t  o f  T(p)» S in ce  i t  co n ta in s  T.(p) th e  l e f t  i d e a l  Sx m eets H (e) 
and so  c o n ta in s  H(a)® In  th e  same way H (e) i s  co n ta in e d  i n  x S . Hence 
T(p) i s  c o n ta in e d  in  th e  common p a r t  o f  eSe and th e  s e t  o f  p o in ts  x  
such t h a t  e i s  an  e lem en t o f  th e  common p a r t  o f  Sx and xS« We conclude 
t h a t  T (p) i s  c o n ta in ed  i n  H (e)*
THEOREM 1*12® L e t X b e  a  continuum  and suppose p w eakly c u ts  a  from  b* 
I f  T(p) c o n ta in s  n e i th e r  a  nor b th e n  T(p) s e p a ra te s  a  from  b*
PROOF. Suppose on th e  c o n tra ry  t h a t  T(p) does n o t s e p a ra te  a  from  b« 
Now f o r  each p o in t  x  o f  I  » T(p) th e r e  i s  a  p ro p e r  subcontinuum  M, 
n o t  c o n ta in in g  p ,  and an open s u b s e t  o f M w hich c o n ta in s  x .  The 
c o l l e c t io n  o f a l l  such  open s e ts  form s a  co v erin g  o f  X -  T (p ) , and so  
th e r e  i s  a  s im ple c h a in  0^5 02* • •* 0n  o f  such  s e t s  0 ,  w ith  0^ con­
t a in in g  a  and 0„ c o n ta in in g  b .  S in ce  each s e t  CL i s  c o n ta in e d  in  a  n  ■*-
continuum  n o t  c o n ta in in g  p i t  fo llo w s  th a t  th e r e  i s  a  continuum  i n  
X -  p c o n ta in in g  a and b .  This i s  a  co n trad ic tio n ®
We now a p p ly  Theorem 1 .1 2  to  o b ta in  th e  fo llo w in g  theorem*
TFIEOREM 1*13* Suppose S 3 ESE and S has a  ae ro  o . Suppose f u r th e r  
t h a t  th e  s e t s  T(p) and T (q) a re  sym m etric and  each  s e p a ra te s  S« I f  
P w eakly  c u ts  o from q and T(p) m eets T(q) th e n  p i s  c o n ta in e d  in  T(q)® 
PROOF* Suppose p i s  n o t co n ta in ed  i n  T(q) • I f  S » T (q ) = A +  B 
m u tu a lly  s e p a r a te ,  i t  fo llo w s  th a t  i f  o i s  i n  A so  a ls o  i s  p® An 
easy  augument shows t h a t  T(p) does n o t  m eet B. Now S - T ( p ) “ - C+ - D 
m u tu a lly  s e p a ra te  w ith  o co n ta in e d  i n  C and q  c o n ta in e d  i n  D by  Theorem 
o 1&12* But by  Theorem 1«U, th e  id e a l ,g e n e ra te d  by T(p) i s  a  s u b s e t  o f
& /C and hence does n o t c o n ta in  q .  But t h i s  id ea l, m eets T (q ) , i n  c o n tra -
d ic t io n  to  Theorem 1.1® Hence p m ust be c o n ta in ed  in  T(q)®
THEOREM l.lU® Suppose S » ESE, th e  s e ts  T(p) a re  sym m etric, and t h a t  
f o r  a p o in t  x  n o t  co n ta in ed  in  E th e  s e t  T(x) »• ( x ^ .  I t  then  fo llo w s 
t h a t  th e  s e ts  T(p) form an u pper seml~c on tinuous decom position  o f  S 
in to  an ap o sy n d e tic  continuum ®
PROOF. To show th e  s e ts  T(p) a re  m u tu a lly  e x c lu s iv e , suppose T(x) meets 
T(y)® I f  x  o r  y  i s  n o t id e n p o te n t,  c l e a r ly  x = y® I f  b o th  x  and y  a re  
idem potent any p o in t  p i n  th e  common p a r t  o f  T(x) and T(y) would have 
th e  p ro p e r ty  th a t  T(p) co n ta in e d  two id em p o ten ts , i n  v io la t io n  o f  The­
orem 1 .5 •  The l a s t  s ta te m en t i s  t r u e  whenever th e  s e ts  T(p) form a  
decom position (1 1 )®
CHAPTER H  
IRREUJ CIBLE CONTINUA
Our concern  i n  t h i s  s e c t io n  -w ill b e  w ith  a  to p o lo g ic a l  sem igroup
which i s  a  continuum  i r r e d u c ib l e  ab o u t a  f i n i t e  s e t  o f  p o i n t s .  In
p a r t i c u l a r ,  we s h a l l  be i n t e r e s t e d  i n  a  continuum  i r r e d u c ib le  betw een
two p o in t s .  T hat i s ,  a  continuum  c o n ta in in g  two p o in ts  a  and b such
t h a t  no p ro p e r  subcontinuum  o f  i t  c o n ta in s  b o th  a  and b® We s h a l l
alw ays assume t h a t  th e  continuum  sem igroup S , w ith  which we a r e
2c o n cern ed , has  th e  p r o p e r ty  t h a t  S °  S® We s h a l l  show i n  t h i s  s e c t io n
t h a t  t h i s  p r o p e r ty ,  to g e th e r  w ith  th e  e x is te n c e  o f  a  z e ro ,  w i l l  im ply
t h a t  an i r r e d u c ib le  continuum  i s  an  a rc  o r  a  dendron® An a rc  i s  a
continuum  X c o n ta in in g  two p o in ts  a  and b such t h a t  any o th e r  p o in t
s e p a ra te s  X, An i r r e d u c ib l e  continuum  i s  e a s i ly  seen  to  be an  a rc  i f
i t  i s  a p o s y n d e tic . On th e  o th e r  h and , a  m e tr ic  indecom posable continuum
i s  c h a r a c te r iz e d  by th e  e x is te n c e  o f  th r e e  p o i n t s ,  betw een each p a i r  o f
which i t  i s  i r r e d u c i b l e .  A f te r  s tu d y in g  th e  continuum  w ith  a  z e ro , o r
2d eg e n e ra te  k e m a l ,  and  h av in g  th e  p r o p e r ty  t h a t  S » S , we s h a l l  
examine th e  ca se  o f  th e  n o n -d eg en e ra te  kernel®  As we s h a l l  s e e ,  K may 
a p p ea r  a s  an  a r c ,  an  indecom posable continuum , o r  a s  a  g ro u p . In  some 
ca se s  no c o n t r o l  w h a tso ev er may b e  had  o v er K, sav e  t h a t  i t  be  i r r e d u c ­
i b l e  i t s e l f .  T ills may happen when S has  o n ly  o n e -s id e d  un its®
2A gain , th ro u g h o u t th e  fo llo w in g  s e c t io n  we w i l l  assume S ® S ,  and
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I I
S i s  i r r e d u c ib le  between two p o in ts  a  and b©
I t  i s  a  consequence o f th e  fo llo w in g  theorem  t h a t ,  i f  S i s  i r r e d u c ­
i b l e  th e  s e ts  T(p) have th e  p ro p e r t ie s  s tu d ie d  in  th e  f i r s t  section©
THEOREM 2*1© F or any p i n  S , th e  s e t  T(p) i s  sym m etric©
PROOF, L e t x  be a  p o in t  o f  T(p) and suppose on th e  c o n tra ry  t h a t  p i s
n o t  i n  T(x)« Then th e re  i s  a  subcontinuum  M co n ta in in g  p in  an open
s e t  and n o t c o n ta in in g  x© By th e  i r r e d u c i b i l i t y  o f  S i t  fo llo w s th a t  
S -  M i s  th e  sum o f a t  most two coreponents, But th en  th e  c lo su re  o f 
th e  component o f x  i s  a  continuum c o n ta in in g  x  i n  an open s e t  and n o t 
c o n ta in in g  p* This i s  a  c o n tra d ic t io n ,
THEOREM 2*2, I f  th e  s e t  T (p) co n ta in s  n e i th e r  a nor b th en  T(p) sep ­
a r a te s  a  from  b .
PROOF* This i s  im m ediate from Theorem 1*12 s in c e  p weakly c u ts  a from 
b  by th e  i r r e d u c i b i l i t y  o f S©
The n e x t theorem  in d ic a te s  how th e  non -aposyndetic  s t r u c tu r e  o f S 
a f f e c t s  th e  zero  elem ent o f S*
THEOREM 2*3© I f  K co n ta in s  n e i th e r  a  nor b and S **- ES + SE th en  K sep­
a r a te s  a  from  b©
PROOF, L e t x  be a  p o in t  o f K© Then T(x) does n o t c o n ta in  a-j f o r  i f  i t  
d id , th e n  we would have x  i n  T (a) from Theorem 2*1, and from Theorem 1*1. 
at would be  a  p o in t  o f  K* In  th e  same way, b i s  n o t co n ta in ed  in  T (x ) . 
Hence T(x) s e p a ra te s  a  from  b .  The theorem  now fo llo w s .
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2 • ° I n  ( l£ )  i t  i s  shown t h a t  S. * S im p lie s  th a t-  S “ ESE, and  t h i s  i s
th e  re a so n  f o r  th e  fo llo w in g  h y p o th eses*  The fo llo w in g  theorem  i s  fund­
am ental*
THEOREM 2J u  3 f  S * ESE and S has  a  ze ro  th e n  S i s  an a r c *
PROOF* L e t e b e  an  id em p o ten t o f  S • L e t M be th e  continuum  i r r e d u c ib l e  
ab o u t {o ) *■ T(e)® L e t x  b e  a  p o in t  o f  M such t h a t  T(x) c o n ta in s  no 
id e m p o te n t. We s h a l l  show f i r s t  t h a t  T(x) ® {xi® From Theorem 1*12- i t  
fo llo w s  t h a t  S -  T (x) ®* C + D m u tu a lly  s e p a ra te *  w ith  o a  p o in t  o f  C 
and e  a  p o in t  o f  D« L e t f  be th e  l e a s t  id em p o ten t, i n  th e  se n se  t h a t  
f  g i f  f  = fg  » g f ,  w hich has th e  p ro p e r ty  t h a t  f S f  c o n ta in s  T (x ) .
Such an f  e x i s t s  from  ( llv ) .  I t  now fo llo w s  t h a t  th e  on ly  id em p o ten t i n  
th e  common p a r t  o f  f S f  and  D i s  f ,  f o r  i f  g i s  any o th e r  such  idem po ten t 
th e  c o n tin u a  gS; and Sg b o th  c o n ta in  T(x) by Theorem 1 . 2g i n  c o n tr a -  
d ic t io n  to  th e  m in im a lity  o f f .  I t  now fo llo w s  from  (18) t h a t  fS f  
c o n ta in s  an  a rc  A w hich m eets H ( f ) a t  f .  From (H i) we know t h a t  i f  a  
i s  a  p o in t  o f  A th e n  £anJ  c lu s t e r s  a t  an  id em p o ten t h* C le a r ly  any 
such h i s  i n  C* L e t y  b e  a  p o in t  o f  S w eakly c u t t in g  h from  x* I t  
fo llo w s  from  Theorems 1 .1 2  and l . l i  t h a t  T(y) s e p a ra te s  h from  x  and 
does n o t  m eet T(h) o r  T (x ) .  Then th e r e  i s  an  in te g e r  m such  t h a t  th e  
l o c a l l y  co n n ec ted  continuum  A + **«. + a^A m eets T (y)*  By i r r e d u c i b i l i t y 9 
S i s  l o c a l l y  con n ec ted  a t  each p o in t  o f  T(x) and hence T(x) ® I t  
now fo llo w s  from  Theorem l . l U  t h a t  th e  s e t s  T (p) form  an u p p er sem i- 
co n tin u o u s  decom position  o f  S in to  an a r c .  We now a s s e r t  t h a t  i f  g 
i s  any id em p o ten t o f  S th e n  T(g) ® £g$« In  th e  hyperspace  G, w hich 
i s  an  a r c ,  c o n s id e r  th e  i n t e r v a l  from  T(o) to  T (g ) .  I f  i n  any  sub­
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i n t e r v a l  T (p) to  T(g) th e r e  a re  e lem en ts  T (x) such  t h a t  th e  s e t  T (x) 
c o n ta in s  no id em p o ten t th e n  s in c e  T (x) ® \x .\  t h e r e  a r e  s e p a ra t in g  
p o in ts  o f  eSe a r b i t r a r i l y  c lo s e  to  H (e) ® T h is i s  im p o ss ib le  b y  (7)« 
Suppose on th e  o th e r  hand  t h a t  th e  i n t e r v a l  T (p ) to  T (g) c o n ta in s  o n ly  
e lem en ts  T (y) such t h a t  T (y) m eets E* By Theorem 1.U each  such  s e t  
T (y) c o n ta in s  p r e c i s e l y  one id em p o ten t e(y)® I t  th e n  fo llo w s  by  r e ­
s t r i c t i n g  th e  n a tu r a l  mapping to  th e  h y p e rsp ace  t h a t  th e r e  i s  an  a rc  
from  T(p) to  T ( e ) ,  any p o in t  o f  w h ich , by  th e  i r r e d u c i b i l i t y  o f  S , 
s e p a ra te s  S® A gain  t h i s  i s  im p o ss ib le  by  (7)® I t  i s  now im m ediate 
t h a t  S i s  an a rc*
I t  i s  shown i n  ( l5 )  t h a t  i f  S i s  i r r e d u c i b l e  from  a  ze ro  to  a
u n i t  i t  i s  an  arc® The m ethods o f  p ro o f  a r e  s u b s t a n t i a l l y  d if fe re n t®
The argum ent i n  (X3>) makes u se  o f  c o n s id e ra b le  a lg e b r a ic  a p p a ra tu s*
The p ro o f  h e re  i s  more elem entary®
A c tu a l ly ,  th e  above argum ent s l i g h t l y  e n la rg e d , shows t h a t  i f
S **= ESE, i s  i r r e d u c i b l e  ab o u t n  p o in t s  and has  a  ze ro  i t  i s  a  dendron®
We s h a l l ,  how ever, l i m i t  o u rse lv e s  to  th e  c a se  n  «* 2 , s in c e  a l l  o f  th e
to p o lo g ic a l  i r r e g u l a r i t i e s  o f  K a r e  th e n  p resen t®
2
Suppose S « S and S h as  a  zero® I t  i s  shown in  (15>) t h a t  e i t h e r
S h as  a  one s id e d  u n i t  o r  S ® ESE* Hence S i s  an  a rc *  T h is  co u ld  have
been  b y p assed  i n  th e  p ro o f  o f  Theorem 2»k b y  c o n s id e ra t io n  o f  eSe®
T h is ,  how ever, w ould r e q u i r e  u n n e ce ssa ry  d e ta i l*
We s h a l l  now c o n s id e r  th e  p rob lem  o f th e  n o n -d e g e n e ra te  k e rn e l*
As u s u a l ,  we d en o te  t h i s  by K® The fo llo w in g  f a c t s  can  be  v e r i f i e d  i n
2
a  s tr a ig h t fo r w a r d  manner® I f  S «*■ S and S has n e i t h e r  l e f t  n o r  r i g h t
u n it*  th e n  b o th  a  and b a re  idem potents*  K s e p a ra te s  S i n to  A + B* and 
b o th  K + a  and K +■ b a r e  sem igroups "with u n its *  a  and b® I f  S had  a  
l e f t  o r  r i g h t  u n i t  e ,  th e n  e i s  e i t h e r  a  o r  b« We rem ark t h a t  i f  
S ® ESE and K s e p a ra te s  S in to  A +• B se p a ra te *  and B c o n ta in s  no 
idem potent*  th e n  A c o n ta in s  a  u n i t  o f  S . We n o te  t h a t  A c o n ta in s  a 
l e f t  u n i t  e from  th e  d is c u s s io n  fo llo w in g  Theorem 2*U® Now b = eb f 
f o r  some f  an elem ent o f E . S in ce  f  i s  n o t  i n  B, i t  m ust be in  A and 
hence be “eb fe  = eb f *» b® I t  fo llo w s  t h a t  eSe = S«
To s im p lify  th e  d is c u s s io n  we u se  th e  n o tio n  o f C -se t as  s tu d ie d  
in  (21 ) .
DEFINITION 2*1# A s u b se t  M o f  a  space  X i s  c a l le d  a  C -se t i f  any 
continuum  m eeting  M and X -  M must c o n ta in  M®
The fo llo w in g  theorem  w i l l  be h e lp f u l  in  th e  d is c u s s io n  o f  K®
THEOREM 2*5® Suppose I  i s  a c lo se d  s u b se t o f  S * n o t s e p a ra t in g  S* such 
t h a t  S* ( th e  space  form ed by s h r in k in g  I  to  a  p o in t)  is_ an  a r c ® I f  I  
has vacuous i n t e r i o r  th e n  i t  i s  a  C-s e t ®
PROOF. D enote th e  c an n o n ica l mapping by » S ’ i s  th en  an a rc  from  
$>(l) to  some p o in t  say  # ( p ) .  I f  M i s  any continuum  m eeting I  and 
c o n ta in in g  a  p o in t  x  i n  S -  I*  th e n  c o n s id e r  (M)» This continuum  m ust 
c o n ta in  th e  i n t e r v a l  from  ^ ( I )  to  6»(x). But th e n  we n o te  t h a t  th e  
in v e r s e  under o f  th e  i n t e r v a l  ft ( I )  to  ^ ( x ) ,  must c o n ta in  I® But t h i s  
in v e r s e  i s  co n ta in ed  in  M®
DEFINITION 2®2® F or any s u b se t A o f  a  space  X, we s h a l l  deno te  th e
boundary  o f  A by  F(A)«
DEFINITION 2*3® I f  a  sp ace  X c o n ta in s  a  u n iq u e  continuum  i r r e d u c ib l e  
from  th e  p o in t  c to  th e  p o in t  d , i t  w i l l  be d en o ted  by (c,d)®
THEOREM 2.6® Suppose I  is^ an  i d e a l  o f  S 3uch t h a t  S / i  i s  an  a rc  from  
i t s  z e ro  to  i t s  u n i t  1® I f  F(S -  I )  i s  n o n d eg en e ra te  th e n  S -  I  i s  an
a b e l ia n  sem igroup and  F(S -  I )  i s  an  a b e l ia n  g ro u p ®
PROOF® l e t  x  and  y  be p o in ts  o f  S -  I  and suppose  x y  i s  i n  I® Now 
x ( y , l )  i s  l o c a l l y  co n n ec ted  continuum  m eeting  I  and  c o n ta in in g  x®.
S in ce  S / i  i s  an  a r c  i t  i s  c l e a r  t h a t  F(S -  I )  i s  d e g e n e ra te , w hich i s  
a  c o n tra d ic tio n ®  S -  I  i s  a b e l ia n  from  (6 )® I t  i s  now im m ediate t h a t  
K i s  a b e l ia n  and hence a  group®
Example 2®X i l l u s t r a t e s  th e  above theorem *
We s h a l l  now examine th e  n o n d eg en e ra te  k e r n e l .  We s h a l l  assum e, 
u n t i l  f u r t h e r  n o t i c e ,  t h a t  K i s  su ch  a  k e rn e l*  Our approach  s h a l l  be 
to  f i r s t  exam ine th e  s i t u a t i o n  in  w hich K has a  vacuous i n t e r i o r  and 
th e n  th e  c a s e  i n  w hich K has  an  i n t e r i o r .  Both c a se s  a r e  f u r t h e r  
b roken  down in to  th e  s i t u a t i o n s  when K does and  does n o t  s e p a ra te *
THEOREM 2*7® I f  K has vacuous i n t e r i o r  and does n o t  s e p a ra te  S th e n  
K i s  an a b e l ia n  group and  i s  a  C»set®
PROOF* From Theorem 2*3 we see  t h a t  K c o n ta in s  a  o r  b ,  s a y  a* The
q u o t ie n t  S/K  i s  a n  a r c  from  i t s  z e ro  t o  i t s  u n it*  The r e s u l t  i s  now
im m ediate from  Theorem 2*6 s in c e  K i s  th e  boundary  o f  S •  K©
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THEOREM 2*8* IX K has vacuous i n t e r i o r  and  s e p a ra te s  S th en  K i s  a
PROOF, L e t us suppose f i r s t  t h a t  S has n e i th e r  l e f t  n o r r ig h t  u n i t .  
L e t us  w r i te  S «» X *■ A +■ B m u tu a lly  s e p a ra te  w ith  a  an elem ent o f  A 
and b an elem ent o f  B, From th e  d is c u s s io n  fo llo w in g  Theorem 2,U , 
b o th  A and B c o n ta in  idem p o ten ts ,  say  e  and  f .  I f  F(A) i s  nondegener­
a t e ,  th e n  by Theorem 2 ,6  i t  i s  an a b e l ia n  group. The same i s  t r u e  f o r  
F(B)« C le a r ly  one o r  th e  o th e r  i s  n o n d eg en era te . We th e n  see  t h a t  
s in c e  If « F(A) + F(B ), K i s  an a b e l ia n  group.
L et us  suppose now th a t  S has a  l e f t  u n i t  e .  We s h a l l  suppose © 
i s  a  member o f A, I f  F(A) i s  degen era tes  th e n , l e t t i n g  F(A) * k  we 
see  t h a t  th e  lo c a l ly  connected continuum b ( k ,e )  co n ta in s  an a rc  from  b 
to  K and K i s  d e g e n e ra te . Hence F(A) i s  n o n d eg en era te , and  an a b e lia n  
group by Theorem 2 ,5 .  I f  K ® F(A) we have n o th in g  f u r th e r  to  show. 
O therw ise, we n o te  t h a t  F(B) c o n ta in s  K -  F(A) and i s  n o n d eg en era te . 
From Theorem 2 .6 ,  F(B) i s  a  C -se t in  B* ,  I f  x  i s  any p o in t  o f  F(B) 
th e n , s in c e  F(B) i s  a  C -se t in  B*, and s in c e  m u l t ip l ic a t io n  i s  con­
t in u o u s , we see  t h a t  Sx co n ta in s  F (B ). S in ce  F(A) i s  a  group m eeting  
Sx i t  i s  co n ta in ed  i n  Sx, and so Sx co n ta in s  K. I t  fo llow s from (Ih.) 
t h a t  K has a  r ig h t  u n i t  and s in c e  i t  co n ta in s  a  nondegenerate  group, 
i t  i s  i t s e l f  a  group.
For an  example i l l u s t r a t i n g  t h i s  theorem , see  Example 2 .2 ,
THEOREM 2,9*  Suppose K has a  nonvacuous i n t e r i o r .  One o f  th e  
fo llo w in g  m ust h o ld ;
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(±) each  e lem en t o f  K i s  a  l e f t  a e ro 5 
( i i )  each  e lem en t o f  K i s  a  r i g h t  zero}
( i i i )  K i s  a  group*
PROOF. I t  fo llo w s  from  (15) t h a t  o u r  th eo rem  w i l l  he  p ro v ed  i f  we can 
show t h a t  K i s  n o t  th e  c a r t e s i a n  p ro d u c t  o f  two n o n d eg en e ra te  c o n tin u a . 
I f  K i s  such  a  p ro d u c t , i t  m ust be an a p o sy n d e tic  continuum  (8 ) .  By 
th e  i r r e d u c i b i l i t y  o f  S ,  any  p o in t  o f  th e  i n t e r i o r  o f  K i s  a  weak c u t  
p o in t  o f  K. Such a  p o i n t ,  by  Theorem 1 .1 2  i s  a  s e p a ra t in g  p o in t  o f  K, 
w hich i s  c l e a r l y  im p o s s ib le .  Hence o u r  theorem  f o l lo w s .
Example 2 .3  i l l u s t r a t e s  th e  above th e o rem .
THEOREM 2 .1 0 .  I f  ev e ry  e lem en t o f  K i s  a  l e f t  z e ro  and  S has a  l e f t  
u n i t  e th e n  K, and  hence S , is_ an  a r c .
PROOF* I f  A i s  th e  com ponent o f  e  i n  S— K th e n  F (A ), i f  nondegener­
a t e ,  i s  a  group by Theorem 2 .5 .  Hence F (A) 171 £k \ i s  d e g e n e ra te .  L e t 
us sa y  e  =- a .  The continuum  ( k ,e ) b  c o n ta in s  an  a r c  from  b t o  k .  The 
theo rem  now fo llo w s*
THEOREM 2 .1 1 .  I f  K i s  a  group w ith  nonvacuous i n t e r i o r  th e n  i t  i s  an 
indecom posab le  con tinuum .
PROOF* We suppose  f i r s t  t h a t  K does n o t  s e p a r a te  S* By Theorem 2*3 
we may assume t h a t  b  i s  a  p o in t  o f  K. Then a  i s  an  id em p o ten t and  by 
Theorem 2 .5  ̂ th e  boundary  o f  S -  K i s  e i t h e r  a  subgroup o f  K o r  i s  
d e g en e ra te*  I n  e i t h e r  c a s e ,  th e  i n t e r i o r  o f  F(S  -  K) i n  K i s  vacuous* 
H ence K i s  i r r e d u c i b l e  from  b to  any  p o in t  o f  F(S  -  K )« I t  fo llo w s
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from  (5) t h a t  K i s  indecom posable . We now suppose t h a t  K s e p a ra te s  3 .  
L e t us w r i t s  S -  K 53 A B m u tu a lly  s e p a ra te .  L e t us suppose f i r s t s  
t h a t  S doss n o t  have a  o n e -s id e d  u n i t .  As we have seen-, a and b  a re  
th e n  id em p o ten t. From Theorem 2 .5  we see  t h a t  F(A) i s  a  group o r  a  
p o in t .  The same i s  t r u e  f o r  F (B ), I t  fo llo w s now t h a t  K i s  i r r e d u c ­
i b l e  from  any p o in t  i n  F(A) to  any p o in t  i n  F(B)» From (5 ) ,  K i s  
indecom posable.
L e t us now suppose t h a t  a  i s  a  l e f t  u n i t .  From Theorem 2 .1 1  we 
see  t h a t  F(A) i s  n o n d eg en era te ,  and a  group by Theorem 2 .5 o We n o te  
t h a t  F(B) i s  a  C -s e t  i n  B5' .  From th e  i r r e d u c i b i l i t y  o f  S i t  now f o l ­
lows t h a t  K i s  i r r e d u c ib le  betw een two p o in ts  ,  and ag a in  by (5 ) i s  
indecom posable o
The above theorem  i s  i l l u s t r a t e d  by Example 2«7«
Lot us now summarize o u r r e s u l t s  in  th e  case  o f  th e  nondegenerate
k e r n e l .  Again we s t a t e  t h a t  S i s  i r r e d u c ib le  betw een two p o in ts  a  and
2b w ith  th e  p ro p e r ty  t h a t  S 1,3 S .  As we have seen* i f  K has no i n t e r i o r  
i t  i s  a  to p o lo g ic a l  group• Conversely* Example 2 .1  below  shows th a t  
any. c o n ta c t ,  connected* sep arab le*  a b e lia n  group may se rv e  as  K. Mien 
K has a  nonvacucras i n t e r i o r  th e  s i t u a t io n  i s  more complex. Here* i f  
K i s  composed o f o n e -s id e d  zero s  * and S has a  u n i t ,  th en  K, and con­
se q u e n tly  S , must be an  a r c .  I f  S has on ly  a  o n e -s id ed  u n i t ,  Example 
2 .3  shows t h a t  any i r r e d u c ib le  continuum  may ap p ear as K« F in a l ly ,  we 
saw th a t  i f  K i s  a  group and has nonvacuous i n t e r i o r  i t  i s  indecompos­
a b le .
¥ e  c lo se  our in v e s t ig a t io n  o f i r r e d u c ib le  co n tin u a  w ith  a  number 
o f  .exam ples. Throughout, S x  T w i l l  denote  th e  c a r te s ia n  p ro d u c t o f S
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and T w ith  c o o rd in a ta w ise  m u ltip lic a tio n ®  The u s u a l  u n i t  i n t e r v a l  m i l  
be d en o ted  by I®
The fo llo w in g  example i s  ta k e n  from  (15) and in c lu d e d  f o r  co m p le te ­
n ess*
EXAMPLE 2*1® L e t G- be a  com pact group w hich c o n ta in s  a  dense o n e- 
p a ra m e te r  sem igroup f(R * ) w here R+ d e n o te s  th e  n o n -n e g a tiv e  a d d i t iv e  
r e a ls *  D efin e  g : (R+) —> R by g ( t )  “  e x p ( - t ) « I f  h a  f  x  g th e n  h
ta k e s  R+ iso m o rp h ic a l ly  in to  G x  ( o , l )  and  h(R+)'s' i s  a  c la n  who S3 m in i­
m al i d e a l  i s  th e  group G x  Sol and  w hich i s  i r r e d u c i b l e  from  G x  f o l  
to  ( e i  x  ( l i  w here e  i s  th e  u n i t  o f  G*
EXAMPLE 2*2* L e t S be a  c la n  such  as  t h a t  d e s c r ib e d  i n  Example 2*1.
L e t C be a  sem igroup c o n s is t in g  o f  two p o i n t s .  Form S x  C w ith  c o o r-
d in a tev a .se  m u l t i p l i c a t i o n .  Now s h r in k  each  s e t  o f  th e  form  x  C
to  a  p o i n t .  T h a t i s ,  d e f in e  f o r  s an  e lem en t o f  S , c an  e lem en t o f C, 
( s , c ) R ( s , ac l ) i f  s  E c and s ’ =*■ c 1 o r  i f  s 3 s 5 an  e lem en t o f  G. The 
u s u a l  m ethods v e r i f y  t h a t  S/R i s  a  to p o lo g ic a l  sem ig roup . I t  i s  
i r r e d u c ib l e  betw een  th e  two p o in ts  o f  C, The sem igroup C may be 
a l t e r e d  f o r  d i f f e r e n t  exam ples. We may d e s c r ib e  S as  a  group w ith  two 
s p i r a l s  w inding upon i t *
The fo llo w in g  shows t h a t  i n  a  c e r t a i n  s i t u a t i o n ,  no c o n t r o l  o v e r 
K i s  p o s s ib le *
EXAMPLE 2*3* L e t N d en o te  any continuum  h av in g  th e  p r o p e r ty  t h a t  i t  i s
i r r e d u c ib le  between two p o in t s .  Denote th e se  p o in ts  by c ,a n d  d® ■ For 
n  and m i n  B, d e f in e  th e  p ro d u c t “run to  be n .  Form N x  I® Denote th e  
s e t  (K x  t o \ )  ( l e i  x  I )  *■ ( ld J x  I )  by S . We see t h a t  S i s  a  .top­
o lo g ic a l  sem igroup, i r r e d u c ib le  betw een two p o in t s ,  hav ing  N as kernel®  
S has  two o n e -s id e d  units®
The fo llo w in g  example i s  due to  F a u c e tt  ($ )•
EXAMPLE 2®lu C onsider S a s  fo llo w s  s
S { ( o  U { ( o  l ) l  where o ^  1 , and o A y  & l e 
S i s  a  c la n  i r r e d u c ib ly  connected  betw een two idem poten ts which com- 
Bute® S has a  nondegenerate  k e rn e l  and i s  n o t abelian®
EXAMPLE 2«5>® L e t S bo th e  c la n  o f E x a rp la  2®U, i r r e d u c ib le  from  k to  © 
i t s  unit®  Form S x  I® We n o te  t h a t  (fk$ x  I )  * (S x I o\ ) * ({ e jx  I )  
i s  a  c la n  w ith  a nondegenerate  k e rn e l  which s e p a ra te s  it®  We n o te  
f u r th e r  t h a t  ({lei x  I )  + (S x  io ’i ) :1s a  sem igroup i r r e d u c ib le  between 
to o  p o in t s ,  hav ing  n e i th e r  l e f t  n o r  r ig h t  u n i t ,  and hav ing  a  nondegen- 
o r a te  k e rn e l  which s e p a ra te s  it®
EXAMPLE 2®6. L e t S be th e  c la n  o f  Example 2«1 i r r e d u c ib le  from  G to  u® 
1 s t  e be th e  u n i t  o f  G® Form S x  I .  We see  t h a t  ( f e l  x  I )  + (S x  C di) 
+ ({u l x  I )  i s  i r r e d u c ib le  betw een two points®
Suppose G c o n ta in s  a  subgroup H w ith  th e  p r o p e r t ie s  o f  th e  group 
o f  Example -2*1* Form S x  I  and from  th e  c y lin d e r  H x  I  c o n s tru c t  T, 
i r r e d u c ib le  as i n  Example 2®1®. We see  t h a t  T *  (S °x  { o \ ) i s  a  sera i-
g r o u p /w i th  n e i th e r  l e / t  n o r r i g h t  u n i t ,  i r r e d u c ib le  betw een two 
p o in ts*  K has vacuous i n t e r i o r * but i s  n o t a  C - s e t .
We rem ark t h a t  i f  K s e p a ra te s  S in to  A + B m u tu a lly  s e p a r a te ,  
■with a  l e f t  u n i t  i n  A, and w ith  F(A) = K, th e n  F(B) i s  d eg en era te*
F o r suppose F(B) i s  n o n d eg e n e ra te . An easy  argum ent shows t h a t  K + A 
i s  a  sem igroup and t h a t  i f  x  i s  a  p o in t  o f  B and y  i s  a  p o in t  o f  A 
th e n  xy  i s  an elem ent o f B. H ence, s in c e  AB i s  a  s u b s e t  o f  B, by 
c o n t in u i ty  o f  m u l t i p l ic a t i o n ,  F(A)F(B) i s  a  s u b s e t  o f  F (B )„ T his i s  
im p o ss ib le  s in c e  F(A) 13 K i s  a  group*
EXAMPLE 2*7® L e t G be an indecom posable continuum  w hich i s  a  g ro u p . 
Form G x  I® We n o te  t h a t  (G x  $ o i)  * ( fe \ 3C I )  i s  a  sem igroup, i r r e ­
d u c ib le  betw een two p o in t s ,  where s  i s  th e  u n i t  o f  G, I f  g i s  any 
p o in t  o f  G, whose composant i n  G does n o t c o n ta in  e ,  th e n  ( fg l  x  I )  + 
(G x  fd}) + ({e l x  I )  i s  a  sem igroup i r r e d u c ib l e  betw een two p o in t s .
CHAPTER H I
HEREDITARIEr UNICOHERENT CONTINUA AND SEMIGROUPS
I n  t h i s  s e c t io n  o u r concern isri.ll be sem igroups which a r e  h e re d i­
t a r i l y  u n ic o h e re n t co n tin u a  o r  one d im ensional c o n tin u a . The dimen­
s io n  used  h e re  i s  i n  th e  sen se  o f  Cohen (*>}• I t  i s  o f  th e  u tm ost 
im portance to  e x h ib i t  a rc s  i n  co n tin u a  and th e  g e n e ra l problem  o f  
a rc s  i n  sem igroups i s  f a r  from  s o lv e d . I n  th e  case  o f  a  to p o lo g ic a l  
g roup , th e  u n i t  must be c o n ta in e d  i n  an a r c .  Koch, (1 2 ) , has  shown 
t h a t  a  continuum  sem igroup w ith  u n i t  m ust c o n ta in  an  a r c .  T his a rc  
n eed  n o t be  a t  th e  u n i t .  When th e r e  a r e  no o th e r  idernpotents c lo s e  to  
th e  u n i t  an  a rc  may be s t a r t e d  th e r e  as i n  (1 8 ) .  At th e  end  o f t h i s  
s e c t io n  we s h a l l  e x h ib i t  a  continuum  w ith  i t s  u n i t  co n ta in ed  i n  no a r e .  
S ince  t h i s  continuum  i s  of- dim ension g r e a te r  th a n  one, th e  q u e s tio n  
a r i s e s  a s  to  w hether o r  n o t such an a rc  e x i s t s  a t  th e  u n i t  i n  one 
d im en sio n a l c o n tin u a . In d eed , we w i l l  show -that such a continuum , 
(modulo I t s  k e r n e l ) ,  i s  a c tu a l ly  a rc  w ise co n n ec ted . Hence one dimen­
s io n a l  continuum  sem igroups w ith  u n i t  and zero  w i l l  appear as  r a th e r  
r e s t r i c t e d  arcw ise  connected  h e r e d i t a r i l y  u n ic o h e re n t c o n tin u a . This 
r e s t r i c t i o n  w iH  be d e sc rib e d  i n  term s o f  a p o sy n d ic ity .
We w i l l  n o te  t h a t  an ap o sy n d e tic  continuum , (one i n  which T(p) » 
p  f o r  a l l  p ) ,  which i s  h e r e d i t a r i l y  u n ic o h e re n t i s  a  dendron . Hence 
■the theorem s h e re  w i l l  in c lu d e  th e  known r e s u l t s  f o r  such c o n tin u a  ( 7 ) .
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l a  (33) I t  i s  shown t h a t  a  one d im en sio n a l continuum  w ith  u n i t  
and  z e ro  i s  h e r e d i t a r i l y  u n ic o h e re n t*  Our theorem s w i l l*  f o r  th e  
m ost p a r t*  b e  s t a t e d  f o r  such  continua®
C oncerning  th e  few  theorem s on n e a r ly  homogeneous co n tin u a*  
t o  th e  a u th o r 9© knowledge t h i s  s u b je c t  i s  unexp lo red*  T h is  i s  a l s o  
t r u e  o f  th e  p la n a r  c la n s  t o  w hich a p p l ic a t io n  w i l l  be  made*
As alw ays S i s  assum ed to  b e  com pact and connected*
I f  th e r e  i s  a  u n iq u e  continuum  i r r e d u c i b l e  from  th e  p o in t  
a  t o  th e  p o in t  b  i t  w i l l  b e  d en o ted  by  (&*b)« The fo llo w in g  theorem  
i s  o b v io u s •
THEOREM 3*1* I n  an  h e r e d i t a r i l y  u n ic o h e re n t continuum  a  subeontinuum  
i r r e d u c i b l e  betw een  two p o in ts  i s  u n iq u e *
THEOREM 3 .2*  I f  5 i s  an  h e r e d i t a r i l y  u n ic o h e re n t continuum  w ith  a  
u n i t  1* and  a  z e ro  o* th e n  S i s  a rc w ise  c o n n e c te d * I fe r th e r  th e  a r c  
from  o t o  1  i s  a  sem igroup*
PROOF* W® s h a l l  show f i r s t  t h a t  th e  continuum  (o * l)  i s  a  sem igroup* 
L e t x  and  y  be  p o in ts  o f  (o * l)*  C o n sid e r now (o * sy )s and assum e xy  
i s  n o t  a n  e lem en t o f  (o * l)*  We a s s e r t  t h a t  x  i s  n o t  an  e lem en t o f  
(®*xy) A (o * l)#  Suppose now t h a t  x  i s  an  e lem en t o f  (o*xy) A (o * l)*  
Then (o*x)y  c o n ta in s  (o*xy) w hich c o n ta in s  (o*x)* again*  s in c e  th e  
i r r e d u c i b l e  c o n tin u a  a r e  unique* and  f i n a l l y  (o*x)y  c o n ta in s  (o ,x )*  
S in c e  (o*x) i s  compact* t h i s  i s  a  c o n tr a d ic t io n *  ( lb ) *  Henca w© may 
suppose  t h a t  b o th  x  and  y  a r e  n o t  p o in ts  o f  (o*3sy) A (o*l)*»  C o n s id e r  
now x ( y * l)  a  continuum  c o n ta in in g  x y  and  x* We now n o te  t h a t
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[  Co*xy) +' ( o , l ) ]  £(o ,xy) ft (o,X)} *» A ■&■ B m u tu a lly  s e p a ra to r  where
x y  I s  an  elem ent o f  A and x  i s  an  elem ent o f  B* S in ce  x ( y , l )  i s  a  
continuum  c o n ta in in g  x y  and  x ,  and a g a in  by th e  un iq u en ess o f  th e  
i r r e d u c ib le  c o n tin u a , we conclude th e  common p a r t  o f  th e  c o n tin u a  
x (y j) l)  and (o ,x y )  fi ( o , l )  i s  nonvacuous• L e t z  be  a  p o in t  o f  th e  
common p a r t*  I n  p a r t i c u l a r  a “ x t  f o r  some t  an  elem ent o f  ( y , l )  *
We now a s s e r t  t h a t  y  i s  an elem ent o f  tS *  Suppose on th e  c o n tra ry  
t h a t  y  i s  n o t an elem ent o f  tS* C le a r ly  th e n  we may suppose t h a t  t  i s  
n o t  an  elem ent o f  T(y) o r  e l s e  we sh o u ld  have by Theorem 1*2 th e  r e s u l t  
t h a t  y  i s  an elem ent o f  tS ,  s in c e  t  i s  an  elem ent o f  tS  and tS  i s  a  
r i g h t  id e a l*  We now examine th e  two ca se s  t  th e  f i r s t  when 1  i s  n o t  an 
elem ent o f  T (y ) ,  and th e  second  when 1  i s  a n . elem ent o f  T(y) * We 
a s s e r t  th en  t h a t  y  w eakly c u ts  t  from  1 o r  t h a t  y  w eakly  c u ts  o from  t*  
F o r  i f  n e i th e r  o f  th e s e  h e ld  th e r e  w ould b e  a  continuum  c o n ta in in g  o 
and 1 b u t  n o t  y* But y  i s  an  elem ent o f  ( o , l )  w hich i s  a  v io l a t i o n  o f  
Theorem 3*1* Now i f  y  w eakly c u ts  o from  t 3 we n o te  t h a t  tS  c o n ta in s  o 
and t  so  t h a t  y  i s  an elem ent o f tS*  Hence we may suppose t h a t  y  
w eakly c u ts  t  from  1* We now have y  w eakly c u t t in g  t  from  1 ,  t  n o t . 
i n  T (y ) , and 1  n o t  an  elem ent o f T (y)* By Theorem 1*12, T(y) s e p a r­
a te s  t  from. I f  hence S -  T(y) «  A *  B m u tu a lly  s e p a ra te  w ith  t  an  e l e ­
ment o f  A and 1 an elem ent o f  B® Now T(y) + B i s  a  continuum  which 
c o n ta in s  y  and 1 and co n seq u en tly  ( y , l ) *  S in c e  t  i s  an  elem ent o f  
t h i s  i s  m a n ife s t ly  im p o ss ib le .
Hence we may suppose t h a t  1 i s  an  elem ent o f  T(y)* Sine© I ( y )
•then c o n ta in s  y  and 1 we conclude t h a t  T (y) c o n ta in s  ( y , l )  so t h a t  t  i s  
an  elem ent o f  T (y ) , which i s  a  c o n tr a d ic t io n .
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We now h av e  shown t h a t  y  i s  an  e lem en t o f  tS  so  t h a t  y  ® t s  f o r  
some s  an  e lem en t o f  S» Now xy  “ = x ( t e )  ( x t ) s  ** as  so  t h a t  xjr °  zs  
w here a i s  i n  th e  common p a r t  o f  (o sx y ) and  (o«>X)* F i n a l l y ,  ( o ,s ) s  
c o n ta in s  (0 , 2s ) * 5 (o ,x y )  w hich p r o p e r ly  c o n ta in s  (o 5s )  s in c e  xy  i s  n o t  
an  e lem en t o f  (0 , 3 )® S in c e  ( o , s ) s  p r o p e r ly  c o n ta in s  ( o ,s )  we have o u r  
f i n a l  c o n tr a d ic t io n *  Hence ( o , l )  i s  a  sem igroup i r r e d u c i b l e  from  i t s  
s e ro  to  i t s  u n i t  so  t h a t  ( o , l )  i s  an  a rc  b y  Th©orem 2.U* I f  e and  d 
a r e  any two p o in ts  o f  S th e  l o c a l l y  co n n ec ted  continuum  e C o ,! )  * 
d (o g l)  c l e a r l y  c o n ta in s  an  a rc  ( c ,d )*
THEOREM 3 .3 *  Suppose «* s  and  t h a t  S h as  a  a e r o * I f  S i s  e i t h e r  
one d im e n sio n a l o r  h e r e d i t a r i l y  u n ic o h e re n t  then , S i s  a rc w ise  con­
n ec ted *
PROOF. S in c e  <* S i t  fo llo w s  from  (16) t h a t  S ESE* I f  s  i s  any  
p o in t  o f  S th e n  s  *  x ey  w here e  i s  an  ld e n p o te n t .  The c la n  eS©, i f  
one d im e n s io n a l, i s  h e r e d i t a r i l y  u n ic o h e re n t  (13)*  By Theorem 3«2 
th e r e  i s  an  a rc  (o ,e )*  F in a l ly  x ( o ,e ) y  c o n ta in s  a n  a r c  from  o to  s ,  
from  w hich a rc w ise  co n n ec ted n ess  fo llo w s*
THEOREM 3*U* Suppose S i s  a r c w is e . co n n ec ted  a n d , h e r e d i t a r i l y  u n ic o -  
h e r  o u t * I f  S has  a  z e ro  o and  x  w e a k ly , c u ts  o f  rom y  th e n  y  i s  n o t  a  
p o in t  o f  Sx«
PROOF* I f  we w ere t o  h av e  y  an  e lem en t o f  Sx th e n ,  s in c e  y  ■ s x ,  th e  
continuum  s ( o ,x )  c o n ta in s  (o ,s x )  “= (o ,y )  w hich p r o p e r ly  c o n ta in s  (o ,x )  • 
T h is  i s  im p o ss ib le  by  (111)*
o
THEOREM I f  5 i s  a rcw ise  connected  and h e r e d i t a r i l y  u n ic o h e re n t
th e n  p (o ,q )  ■ (o ,p q ) where o i s  a  zero  o f  S .
PROOF. C le a r ly  p (o ,q )  c o n ta in s  (o fpq) by Theorem 3*1* Suppose th e n  
t h a t  f o r  some x  i n  (o ,q )  i t  i s  t r u e  t h a t  px  i s  n o t an  elem ent o f  
( o ,p q ) .  Now p (x ,q )  c o n ta in s  px and p q . L e t z be  th e  f i r s t  p o in t  o f  
(p x ,o ) i n  th e  o rd e r  from  px  to  o which i s  a  p o in t  o f  ( o ,p q ) .  We th en  
have z  «* py f o r  some y  in  (x ,q )  so  t h a t  x  *  ys  f o r  some s .  But th e n  
px “  p (y s) «  (p y )s  «= as  and we have a  c o n tr a d ic t io n  to  Theorem 3*hp 
s in c e  a weakly c u ts  p x  ■* zs from  o .
THEOREM 3 .6 .  I f  S i s  a rcw ise  connected  and h e r e d i t a r i l y  u n ic o h e re n t 
th e n  (o * p )(o .q )  *  (o ,p q ) t  where o i s _ th e  zero  o f  S .
PROOF. C le a r ly  ( o ,p ) (o ,q )  b e in g  a  continuum  c o n ta in in g  o and pq con­
t a in s  ( o ,p q ) .  Suppose f o r  some x  i n  (o ,p )  and y  i n  (o#q>) t h a t  xy  i s  
n o t  an elem ent o f  (o ,p q )*  Note t h a t  x (y ,q )  c o n ta in s  (xy ,xq ) and  ®q i s  
an  elem ent o f  (o .p q ) by Theorem 3«?« L e t z  be th e  f i r s t  p o in t  o f  
(xy ,xq) i n  (o,pqi) and n o te  t h a t  n  “ x t  w ith  t  i n  (y ,q )  • We a ls o  n o te ,  
s in c e  y  K t s ,  t h a t  s y  •* x ( t s )  *  ( x t) s  *  zs and a g a in  we have a  c o n ta -  
d ic t io n  to  Theorem 3®*>»
We rem ark t h a t  th e  s Q t l ( p )  was sym m etric in  d e a lin g  w ith  i r r e ­
d u c ib le  co n tin u a  w h ile  th e  n e x t theorem  im p lie s , i n  th e  p r e s e n t  s e t ­
t i n g ,  t h e i r  an ti-sy m m etry . -A. number o f  can d id a tes , f o r  c la n  s t r u c tu r e  
may e a s i ly  be r u le d  o u t w ith  t h i s  theorem . A sequence o f  a rc s  con­
v e rg in g  to  a  t r i o d  a l l  w ith  a  s in g le  en d p o in t i n  common i s  such an  
example* ' •
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THEOREM 3*7• Let. S b e  a rc w is e  co n n ec ted  a n d  h e r e d i t a r i l y  un ico h eren t®  
I f  S « ES and  S h a s  a  z e ro ,  th e n  x  an  . e lem en t o f  T (p) im p lie s . p  I s  n o t  
a n  e lem en t o f  T (x)»
PROOF. I f  one o f  e i t h e r  x  o r  p  i s  ©, th e  z e ro  o f  S., t h e  c o n c lu s io n  i s  
immediate® So we may assum e x  /  o /  p ,  We a s s e r t  f i r s t  t h a t  ( o ,p )  H 
T(p) i s  p r e c i s e l y  {[p'V* I f  y  i s  any  p o in t  o f  (o ,p )  fl T (p), sine©  y  i s  
an  e lem en t o f  Sy and  sine©  Sy m ee tin g  T (p) i r p l i e s  p  i s  an  e lem en t o f  
S y , w© co n c lu d e  t h a t  p ** sy* S in c e  y  c u ts  o from  p t h i s  i s  a  c o n tr a ­
d i c t i o n  to  Theorem 3*U« Hence (o ,p )  A T (p) ® p .  Suppose on th e  
c o n t r a r y  t h a t  x  i s  an  e lem en t o f  T (p ) and  p  i s  an  e lem en t o f  T (x ) .  I t  
th e n  fo llo w s  t h a t  T (p ) c o n ta in s  (ppc)*  Now fro m  th e  ab o v e , (©»p)ft 
(ppsc) * p  so  t h a t  (o ,p )  ♦ (o ,x )  « (o ,x )*  I t  i s  now c l e a r  t h a t  p  
w eakly  c u ts  o from  x* Now p  i s  i n  T (x) so  t h a t  Sp m eets T(x) and 
sp  ■* x* A gain  a  c o n t r a d ic t io n  t o  Theorem 3*1*
DEFINITION 3*1* l e t  S b© h e r e d i t a r i l y  u n ic o h e re n t  and  a rc w ise  con­
n ec ted *  By an  e n d p o in t o f  S we mean a  p o in t  p w hich s e p a r a te s  no a rc*
The fo llo w in g  th eo rem  a s s e r t s  t h a t  a  one d im e n s io n a l continuum  
w ith  u n i t  and  ae ro  i n  th e  p la n e  i s  a c c e s s ib le  a t  each  o f  i t s  e n d p o in ts  
from  i t s  s in g le  c o m p lm e n ta ry . domain* T h is  i s  a  consequence o f  th e  
s e m i- lo c a l  co n n ec ted n ess  a t  th e s e  p o in ts  by  (? )♦
A p ro b lem , w hich we le a v e  u n s o lv e d , I s  when a  on© d im e n s io n a l c la n  
w ith  z e ro ,  -which i s  a  su b se t, o f  th e  p la n e ,  i s  a c c e s s ib le  a t  zero*. A 
m ore g e n e ra l, p ro b lem  i s  th e  a c c e s s i b i l i t y  o f  a  c la n  a t  i t s  zero*
THECKEM 3*8 , Suppose S i s  h e r e d i t a r i l y  u n ic o h e re n t,  I f  S « ES, S 
has a  aero  and p  i s  a  n on -zero  en d p o in t o f  S th e n  S i s  s a m i- lo c a l ly  
connected  a t  p ,  °
PROOF, Wa f i r s t  a s s e r t  t h a t  T(p.) * £p\ * F o r suppose x  i s  an  elem ent 
o f  T (p ) , As i n  th e  p re v io u s  theorem  x  i s  n o t an  elem ent o f  (o ,p )  f o r
t h i s  would im ply p  ® s x ,  f o r  some s .  S in ce  T(p) c o n ta in s  x  and p  i t
co n ta in s  (p ,x )«  C le a r ly  now s in c e  (o ,p )  0  (p ,x )  * p i t  canno t be
th a t  p  i s  an  e n d p o in t. Hence T(p) “*{30} f o r  each en d p o in t p .  An easy
argum ent shows t h a t  S i s  semi “lo c a l l y  connected  a t  p .  I n  f a c t  i t  
fo llo w s th a t  f o r  any open s e t  V abou t p th e r e  i s  an open s e t  U con­
ta in e d  in  V such t h a t  p i s  i n  V and S -  U i s  co n n ec ted .
The n o tio n  A -̂—> A i s  d e f in e d  i n  (12) a s  fo llo w s  s i f  X i s  a  space 
and  i f  {Am :*  t  Q] i s  a  fa m ily  o f  s u b se ts  o f  X indexed  by a  d i r e c te d  
s e t  Q th e n  sup ( in f  A^) i s  d e f in e d  to  be th e  s e t  o f  p o in ts  x  such 
t h a t  f o r  each  open s e t  TJ abou t x  th e r e  i s  a  c o f in a l  ( r e s id u a l )  su b se t 
Q(U) co n ta in e d  i n  Q; such t h a t  H m eets A^ f o r  each 4 £ Q(U), We w r i te  
b r i e f l y  A ^ —̂  A i f  i n f  ** sub Arf » A,
THEOREM 3 ,? ,  I f  S i s  h e r e d i t a r i l y  u n ic o h e re n t and  has a  l e f t  u n i t
th e n  i f  a  c o l le c t io n  o f  a r c s  w ith  en d p o in t aero  and AM -> A
i t  fo llo w s  t h a t  A i s  a l s o  an a r c ,
PROOF, l e t  be  th e  non -zero  en d p o in t o f  th e  a r c  Ag, Suppose a**-* 
a .  By c o n t in u i ty  ( o , l ) a et'~-^ ( o , l ) a *  By Theorem 3»£ t h i s  i s  e q u iv a le n t 
to  (o ,a * )  —» ( o ,a ) .
This theorem  a ls o  fo llo w s  from Theorem 3*7 b u t  n o t  in  so d i r e c t  a  
f a s h io n ,  • „
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The p a r t i a l  o r d e r  o f  th e  fo llo w in g  theorem , i s  i n  th e  se n se  o f
(22)*
THEOREM 3*10* Stoops®  S i s  arcw ig.e connected , and .h e r e d i t a r i l y  unico® 
faeren t ■with, a  ze ro  o* I f . . one d e f in e s . x  — y ,  i f .  e i t h e r  x\ w eakly  c u ts  c 
from  y  o r  x  * o ,  th e n  'W? i s  an  o rd e r  d en se  co n tin u o u s  p a r t i a l  o rd e r*  
PROOF* S in ce  x  w eak ly  c u ts  o from  y  i f  an d  o n ly  i f  x  i s  an  e lem en t o f  
(e * y )# i t  i s  im m ed ia te ly  seen  t h a t  i s  a  p a r t i a l  o rd e r*  fh® o rd e r  
d en sen ess  i s  c le a r *  To show c o n t in u i ty ^  suppose  a  ^  b  and  b  a .  We 
a s s e r t  t h a t  th e r e  e x i s t  open s e t s  T? and  ?  a b o u t a  and b  such  t h a t  f o r  
u  i n  U and v  i n  V i t  i s  t r u e  t h a t  u  ^  v  and  v  u* SupP00® th e n  f o r  
e v e ry  and  a b o u t a  and  b  we have u^ £2 vH ,  f o r  some u ^  i n  and  
vA i n  ¥ * •  S in c e  ~  i t  i s  im m ediate  t h a t  (o^v^) ® (0 , ^ )  -* ( u ^ v ^ ) *  
Now th e  l im i t in g  s e t  o f  (©^w*) % ( o r  some s u b c o l l e c t i o n ) ,  c o n ta in s  o , 
a s and  b  and s in c e  i t  i s  an  a r c  b y  Theorem 3*9$ we co n clu d e  t h a t  o 
w eakly  c u ts  betw een  a  and b* any  o th e r  s i t u a t i o n  b e in g  im p o ss ib le*
Now S i s  l o c a l l y  c o n n e c te d  a t  o so  we may ta k e  an  open s e t  13 a b o u t o 
such  t h a t  D* i s  a  continuum  n o t  c o n ta in in g  a. o r . h* An e a sy  argum ent 
shows t h a t  f o r  soma^8 * a  su b a rc  o f  (o*v$) h a s  i t s  en d p o in ts  i n  b u t  
i s  n o t  c o n ta in e d  i n  D~”. As t h i s  i s  a  c o n t r a d ic t io n  to  h e r e d i t a r y  u n i -  
co h eren ce  th e  p ro o f  i s  com plete*
DEFINITION 3*2* By a  maximal a r c  we mean one w hich i s  n o t  a  p ro p e r  
s u b s e t  o f  any  o th e r  a r c  o f  S*
I t  i s  c l e a r  t h a t  i n  an  a rc w ise  co n n ec ted  h e r e d i t a r i l y  u n ic o h e re n t
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continuum  ©very maximal a r c  i s  a s s o c ia te d  w ith  two endpo in ts*
The fo llo w in g  theorem  may be p roven  f o r  m e tr ic  co n tin u a  w ith o u t 
th e  a lg e b ra ic  req u ire m e n ts . T h is i s  a  g e n e r a l i s a t io n  o f  th e  c l a s s i c a l  
theorem  f o r  dendrons*
THEOREM 3 ,1 1 ,  I f  S i s  an. h e r e d i t a r i l y  u n ic o h e re n t continuum  w ith  a  
l e f t  u n i t  e  and  a  zero  o s th e n  S i s  a rcw ise  connected  and any a rc  i s  
c o n ta in e d  in  a  maximal a r c *
PROOF* T hat S i s  a rcw ise  connected  fo llo w s  from Theorem 3«3* We 
s h a l l  show t h a t  any a rc  (o ,a )  i s  ex ten d ab le  to  an a rc  o f th e  form  
(o jx )  where x  i s  an  endpoin t*  L e t Q be th e  c o l le c t io n  o f  a l l  a r c s  o f 
th e  form  ( o ,x ^ ) ,  <  an elem ent o f A, which c o n ta in  ( o ,e ) .  L e t T be  
a  maximal tow er i n  Q and l e t  L be th e  c lo s u re  o f  th e  u n io n  o f  th e  
e lem ents o f  T* D efine  b^ ^  b^  i f  b^  w eakly  c u ts  o from  b^s i*e*  
b^ £  bp i f  and  o n ly  i f  (o^b^) i s  a  s u b s e t  o f  (o ,b ^ )«  Note -that (A, A) 
i s  a  d i r e c te d  s e t*  L e t b be any c l u s t e r  p o in t  o f  l h |  • Then b y  (llj.) 
and Theorem 3*5 L » C tf(o,b,())* ■ (U{oi e)bc<)*  *» (o*e)b  » (o,fe)* The 
theorem  now fo llo w s*
THEOREM 3*12* I f  S i s  an. ap o sy n d e tic  h e r e d i t a r i l y  u n ic o h e re n t con­
tinuum  th en  S i s  a  dendron* I n  p a r t i c u l a r * an ap o sy n d e tic  one 
d im en sio n a l c la n  w ith  zero  i s  a  dendron*
PROOF* L e t a  and  b  b© any two p o in ts  o f  S* C onsider (a ,b )  th e  con­
tinuum  i r r e d u c ib le  from  a  to  b* L e t p  b e  any p o in t  o f  ( a ,b )  w hich i s  
n e i th e r  a  n o r  b* S ince  T (p) •= p and s in c e  p w eakly c u ts  a  from  b ,  i t  
fo llo w s  from  Theorem 1*12 t h a t  p s e p a ra te s  a  from  b* Hence S i s  a  
dendron* The second  s ta te m e n t i s  insnediate*
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THEOREM 3«X3« Suppose S i s  one d im en sio n a l and “  S .  I f  S h as  no
weak c u t  p o in t  th e n  S i s  a  s im p le  c lo se d  c u rv e *
PROOF* We a s s e r t  t h a t  S ■ K so  t h a t  th e  theorem  fo llo w s*  I f  n o t ,  
form  S ' ,  th e  Rees q u o t ie n t  modulo K* S° i s  th e n  one d im e n s io n a l, 
e q u a l t o  i t s  s q u a re , and  has a  ze ro  o .  Hence any p o in t  x* o f  S ’
w hich i s  a  n o n -en d p o in t i s  a  weak c u t  p o in t*  S in c e  S ! -  o and  S -  K
a r e  hom eom orphic, we a r r i v e  a t  a  c o n tr a d ic t io n *  Hence S i s  a  group*
S in ce  S i s  one d im e n s io n a l, i t  i s  w e l l  known to  be e i t h e r  a  s im p le
c lo s e d  cu rv e  o r  an  indecom posab le  continuum * I n  th e  l a t t e r  c a se  
e v e ry  p o in t  i s  a  weak c u t  p o in t*  Hence S i s  a  s im p le  c lo s e d  c u rv e .
THEOREM 3*114.* Suppose S i s  a rc w ise  c o n n ec ted ,  h e r e d i t a r i l y  u n ic o -  
h e r e n t  and  S » ES *  SE* I f  A i s  th e  complement, o f  a  maxim a l p ro p e r  
i d e a l  M, th e n  A i s  c o n ta in e d  i n  th e  s e t  o f  e n d p o in ts  and  h en ce  i s  
t o t a l l y  d isc o n n e c te d *
PROOF, l e t  a  be a  p o in t  o f  A. S in c e  a  i s  n o t  i n  K we may assume S 
has  a  z e r o ,  f o r  s im p l ic i ty *  I f  a  i s  n o t  an  e n d p o in t th e n  th e  a r c  
(o ,a )  i s  p r o p e r ly  a  s u b s e t  o f  ( o , t ) *  From Theorem 3 »h we s e e  t h a t  th e
i d e a l  g e n e ra te d  by  a  m eets ( a , t )  i n  a t  m ost a* Sine© M +- J  (a )  * S we
co n c lu d e  ( a , t )  -  a  i s  a  s u b s e t  o f  M* B ut by  Theorem _3*U we see  t h a t  a  
i s  i n  J ( t )  which i s  a  s u b s e t  o f  M.
The f i n a l  c o n c lu s io n  i s  c le a r*
THEOREM 3 .15*  Suppose S i s  an h e r e d i t a r i l y  u n ic o h e re n t  con tinuum . 
w ith  a  z e ro * I f  th e  e n d p o in ts  a r e  id e rep o ten t and  commute one w ith  
a n o th e r  th a n  S i s  a b e lia n *  „
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PROOF* I f  r  and  3 ar© any two p o in ts  o f  S th e n  r  i s  an  elem ent o f  
(® ,c) and s  i s  an. e lem ent o f  ( o , f ) ,  where © and f  a r e  id essp o ten t end­
p o in t s ,  By Theorem 3*6, ( o ,e ) ( o , f )  3 (o ,q £ ) «  (o ,f® ) »  ( o , f ) ( o , e ) ,  and  
a l l  o f  th e s e  c o n ta in  r s  and s r*
Now r s  3 { r© )(fs)  *  r (® f )s  **= r(f@ )s « ( r f ) ( e s ) ,  Both r f  and  es  
a r e  p o in ts  o f  ( o ,e £ ) ,  s in c e  ( o , e ) f . ■*= ( o ,e f )  « (o ,£ e )  **= (o,£)© * Sine© 
e f  i s  an id em p o ten t, (©,©£) i s  a  a b e l ia n  sem igroup , by Theorem 3*2*
Then ( r f ) ( e s )  «*= ( e s ) ( r £ )  «* e ( s r ) f .  We now a s s e r t  t h a t  e ( s r ) f  ®: s r«  
O rdering  (o ,a £ )  from  o to  e f ,  we cannot have e ( s r ) f  > ( s r ) ,  u s in g  
Theorem 3*lu I f  we war© to  have e f s r ) f  4 s r  th e n  f (© (s r ) f )©  a ( f e )
( s r )  (f.©) "  s r ,  a g a in  a  c o n tr a d ic t io n  to  Theorem 3*14 F in a l ly  th e n ,  
r s  * (r£)(@ s) » e ( s r ) f  «  s r ,
THEOREM 3 ,1 6 ,  (F a u c o tt)  I f  S i s  i r r e d u c ib ly  co nnected  betw een two 
ideBspotents and  has  a  aero  th e n  S i s  a b e l ia n ,
THEOREM 3*17 l e t .  S .b s  a  one d im en sio n a l..c l a n .w ith  z e ro . I f  th e  s e t  
o f  e n d p o in ts . i a  c o n ta in e d  i n , H ( l)  th an  each e n d p o in t . co m m ies . w ith  
each elem ent, o f  (© ,!) •  F u r th a r  i f  H ( l)  i s  a b e l ia n ,  so  a ls o  i s  S ,
PROOF. l o t  p  b e  an  en& jo in t and  j  an elem ent .o f  ( o , l ) ,  S in c e  p ( o , l )
® (o ,l)p  « ( o ,p ) ,  b o th  p j  and  jp  a re  in  ( o ,p ) .  Assuming pj. j* j p ,  
suppose p j  i s  an  elem ent o f  (o ,jp ) ,  The continuum  p**^(o,pi)p  c o n ta in s  
( o , jp ) ,  in  contrad iction  to  theorem  3«U* F in a l ly ,  i f  H (l) i s  a b e l ia n  
and  any x  and y  a r e  o f  th e  form  p j  and q t  r e s p e c t iv e ly ,  w ith  p and q
en d p o in ts  and j  and i  po in ts o f  ( o , l ) ,  them x y  “ (p i)(« li) a p(<3«5;)i “
p (q j ) i  ®= p q i j  « qpi,j * q ip j  3 y x , Hence S i s  th e n  a b e l ia n .
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I t  i s  c l e a r  t h a t  i f  tfa© s e t  o f  e n d p o in ts  i s  c o n ta in e d  i n  th e  
c e n te r  o f  S th e n  S i s  a b e l i a n *
THEOREM 3«l8* & one d im e n s io n a l c la n  w ith  ae ro  has  th e  f ix e d  p o in t
EESBSgSg*
PROOF* S in c e  S i s  h e r e d i t a r i l y  u n ic o h e re n t  and  a rc w ise  co n n ec te d  i t  
i s  w e l l  known* a t  l e a s t  i n  th e  m e tr ic  case*  to  have t h i s  p r o p e r ty  ( l ) • 
I t  a l s o  fo llo w s  from  Theorem 3*10 and (22) •
THEOREM 3*19* l e t  S b e  a  one d im e n sio n a l c l a n * I f  S i s  n o t  a rc w ise  
c o n n ec ted  th e n  K i s  a  g ro u p *
PROOF* S in c e  K i s  one d im e n sio n a l i t  i s  n o t  th e  c a r t e s i a n  p ro d u c t o f  
two n o ad eg en e ra te  co n tin u a*  Hence ( IS )  e v e ry  e lem en t o f  K i s  a  l e f t  
zero* e v e ry  e lem en t o f  K i s  a  r i g h t  zero*  o r  K i s  a  group* Suppose K
i s  composed o f  l e f t  z e r o s .  The continuum  M* i r r e d u c i b l e  a b o u t K and
1 ,  I s  a  sem igroup a s  i s  e a s i l y  seen  by  c o n s id e r in g  th e  R ees q u o t ie n t  
and Theorem 3*2 . L e t N *» M -  K* We not© t h a t  any  p o in t  o f  N w eakly
c u ts  K from  X5 hence i t  fo llo w s  th a t .F (N )  i s  a  C -s e t  i n  # *  I t  fo llo w s
from  Theorem 2*6 t h a t  i f  F(N) i s  n o n d eg en e ra te  i t  i s  a  g ro u p . I f  F(N) 
i s  d e g e n e ra te  l e t  i t  b e  d e n o te d  by  k .  By c o n s id e r in g  t r a n s l a t e s  o f  
(k * l)*  a rc w ise  co n n ec ted n ess  fo llo w s*
DEFINITION 3*3* A continuum  S i s  s a id  to  b e  n e a r ly  n-homogenaous ( 3 ) ,  
i f  f o r  any  two s e t s  o f  n  p o in t s  x-^, xj>* ♦ x ,, and  y l s  y 2 ,  • #** y n *
and  any  n  open s e t s  D^, D^, •**„ su ch  t h a t  y ^  i s  an  e lem en t o f  D^, 
t h e r e  i s  a  feoraeoraorphism H o f  S o n to  I t s e l f  su ch  t h a t  H ( x j )  i s  an  
e lem en t o f  D^«
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THEOREM 3*20* I f  S i s  a  n e a r ly  homogeneous .c la n  w hich doea n o t  s e p ­
a r a t e  th e  p la n e  th e n  S i s  a rc w ise  co n n ec ted  and h e r e d i t a r i l y  u n ic o -  
herent»
PROOF* Suppose f i r s t  t h a t  th e  common p a r t  o f  two su b co n tin u a  o f  S i s  
n o t  connected* I t  th e n  fo llo w s  by a  w e l l  known r e s u l t  t h a t  t h e i r  
u n io n  s e p a ra te s  th e  p lane*  S in c e  S does n o t  s e p a ra te  th e  p la n e  i t  
c o n ta in s  a  d isc *  By th e  n e a r  horaogeniety , ev e ry  p o in t  i s  i n  a  d isc *
I t  fo llo w s  t h a t  S i t s e l f  i s  a  d isc *  But then* S can n o t be n e a r ly  
homogeneous. We s e e  t h a t  th e  Rees q u o tie n t*  S/K* i s  a rc w ise  co n n ec ted  
by  Theorem 3*2* We n o te  t h a t  i f  K i s  a  n o n t r i v i a l  c a r te s ia n  p ro d u c t i t  
m ust be  a  d is c  o r  an  annulus*  b o th  o f  w hich a r e  im p o ss ib le*  Hence i t  
fo llo w s  from  (15) t h a t  K i s  composed o f  o n e -s id e d  z e ro s  o r  i s  a  group* 
th e  l a t t e r  b e in g  im p o ss ib le*  I f  K i s  composed o f  l e f t  zeros*  an easy  
argum ent* u s in g  th e  f a c t  t h a t  S/K i s  a rc w ise  connected* shows t h a t  S i s  
a ls o  a rcw ise  connected*
THEOREM 3*21* I f  S i3  a  c la n  i n  th e  p la n e  th e n  T ( l )  ® f l l .
PROOF* I f  C d en o te s  th e  component o f  1 i n  H ( l)  then*  assum ing t h a t  
T ( l)  /  1 ,  we s e e  t h a t  C i s  a continuum  group in  th e  p la n e .  I t  i s  w e l l  
known t h a t  C i s  a  s im p le  c lo s e d  curve* S in ce  S/K does n o t s e p a ra te  
th e  p la n e  i t  m ost c o n ta in  th e  bounded com plem entary domain o f  C« How­
ever* s in c e  G does n o t s e p a ra te  S* i t  fo llo w s  t h a t  S c o n ta in s  no p o in t  
o f  th e  unbounded com plem entary domain o f  C* Thus S i s  seen  to  be a  
d is c  w ith  T ( l )  a s  boundary* w hich i s  absurd*
THEOREM 3*22. Suppose S i s  a  c la n  i n  th e  plan® and  t h a t  e i s  n o t  an
e l m e n t  o f  K* I f  H (e) i s  n o t  t o t a l l y  d is c o n n e c te d  th e n  H (e) i s  a  
s im p le  c lo s e d  cu rv e  ,  K i s  c o n ta in e d  i n  B , th e  bounded com plem entary . 
domain o f  H (e ) ,  and eS.e' *  H (a ) * D i s  a n  i d e a l  o f  S» I f  f  i s  any  
o th e r  id em p o tan t su ch  t h a t  H (£ ) i s  n o t  t o t a l l y  d lse o n n e o te d  th e n  
H (f) D9 o r  H ( f ) D»
PROOF* By f i r s t  fo rm in g  th e  Rees q u o t ie n t  S /K , we s h a l l  assum e S h a s  
a  zero*  The component o f  e  in  H (e)*  i s  n o t  e ,  i s  a  s im p le  c lo s e d  
c u rv e  C* I f  o I s  n o t  a n  e lem en t o f  D ( th e  bounded com plem entary 
domain o f  C )9 th e n  c o n s id e r  eSe* Now eSe c o n ta in s  C and s in c e  i t  
does n o t  s e p a r a te  t h e  plane.* c o n ta in s  D. B ut t h i s  i s  a  c o n t r a d ic t io n  
s in c e  th e n  Gs a  s u b s e t  o f  H (e ) ,  s e p a ra te s  e S e . Hence o i s  an  e lem en t 
o f  D* A gain  eSe c o n ta in s  C, o ,  and  hence D. A lso  eSe c o n ta in s  no 
p o in t  n o t  i n  C + D ,  s in c e  0 does n o t  s e p a r a te  eSe* C le a r ly  now C 
*» H (e) s in c e  any  o th e r  p o in t  x  o f  H (e) w ould have to  b e lo n g  to  D, 
w hich i s  n o t  p o s s ib le *  Any such  x  w ould be c o n ta in e d  i n  a  s im p le  
c lo s e d  cu rv e  w hich w ould s e p a r a te  eS e . C o n sid e r J ,  t h e  u n io n  o f  th e  
i d e a l s  o f  S w hich we c o n ta in e d  i n  D* Now M, th e  conponont o f  o i n  J ,  
I s  an  i d e a l  and  i s  a  c la n  w ith  z e ro  and  i s  e a s i l y  seen  t o  c o n ta in
D* Hence M** ** H (e) * F i n a l l y ,  th e  l a s t  a s s e r t i o n  i s  se e n  to  be  e v i ­
d en t*
I t  i s  o f  i n t e r e s t  a t  t h i s  p o in t  to  rem ark  t h a t  an  a p o sy n d e tic  
c la n  w ith  z e ro  i n  th e  p la n e  i s  l o c a l l y  connected®  T h is  i s  a  con­
sequence  o f  a  theo rem  o f  Jo n es  (13 )*
THEOREM 3*23* I f  S i s  a  c la n  ̂ wfaich i s  homogeneous and  a  s u b s e t  o f  
th e  p la n e  th e n  S i s  a  g ro u p *
PROOF* From th e  Roes q u o t ie n t  S /K , and n o te  t h a t  T ( l )  does n o t  m eet 
K i f  K i s  p ro p e r*  By Theorem 3*21 i t  fo llo w s  t h a t  T ( l )  ®> | l l *  Hence 
S i s  a p o sy n d e tic  and i t  fo llo w s  (9) t h a t  S i s  a  s im p le  c lo se d  curve  
and  hence a  group®
THEOREM 3*21}.. I f  S i s  a  n early ,, 2~»homogeneoua continuum  w hich con-
M H l I  a M  tHfe M W k M n B B B U D  W B N U B S n l R I H M a M n M  M B H W I M n B H M M N I  ■ ■ y M t
t a in s  a  p o in t  w hich i s  n o t , a  w eak, c u t  p o in t  th a n  S i s  a p o sy n d e tic * 
PROOF* Suppose on th e  c o n tr a ry ,  th e r e  i s .  a  p a i r  o f  p o in ts  x  and y  
such  t h a t  x  i s  an  elem ent o f  T(y)* I t  fo llo w s ,  s in c e  S c o n ta in s  a  
non-weak c u t  p o in t ,  t h a t  S i s  decomposable* L e t S ® M * N w here M 
a n d  N a r e  p ro p e r  subcon tinua*  L e t m be an  elem ent o f  M -  N and n  an 
e lem ent o f  o f  N -  K« There i s  a  horaeomoxphism Q, such  t h a t  Q(x) i s  
an  elem en t o f  S -  N and Q(y) i s  an elem ent o f  N -  M o r  Q(y) i s  an 
e lem ent o f  S —■ N and Q(x) i s  an elem ent o f  N -  M* In  e i t h e r  c a se  i t  
fo llo w s  t h a t  Q(x) i s  n o t  an  elem en t o f  T (Q (y )) ,  which i s  in p o s s ib le *
THEOREM 3®25® I f  S i s  a  n e a r ly  2 -homogeneous c la n  i n  th e  p la n e  th e n  
S is . l o c a l l y  co n n ec ted *
PROOF* From Theorem 3*21 we .see t h a t  T(X) From Theorem 1*12 i t
fo llo w s  t h a t  1 i s  n o t  a. weak, c u t  p o in t*  By Theorem 3®2k, S i s  ap o - 
sy n d e tic *  Forming th e  Reas q u o t ie n t  S 2 ** S/K we see  t h a t  S" i s  a  
l o c a l l y  con n ec ted  continuum* Sine© .35 -  o .and  S -  K a r e  hom om orphic 
and  S i s  n e a r ly  homogeneous th e  theorem  r e a d i l y  fo llow s*
The fo llo w in g  n o t io n  i s  due to  S w in g le , (19)#
DEFINITION 3*U® A continuum  S i s  s a id  to  be th e  e s s e n t i a l  sum o f  a
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c o l le c t io n  G o f  c o n tin u a  i f  th e  union  o f  th e  elem ents o f  G i s  S and no 
continuum o f  th e  c o l le c t io n  G i s  a  su b se t o f  th e  . sum o f  th e  others®
DEFINITION 3*5* A. continuum  i s  s a id  to  be n -indecosiposable i f  i t  i s  an 
e s s e n t i a l  sum o f  n  co n tin u a  b u t n o t  an e s s e n t i a l  sum o f  n  + 1 continua*
THEOREM 3*^6* I f  S « ES ■#- SE and S i s . an n-in d eco n p o sab le  contim am  
th e n  S * K*
PROOF. Suppose on th e  c o n tra ry  t h a t  X i s  p ro p e r . C le a r ly ,  S/X i s  n o t 
th e  e s s e n t ia l  sum o f a  « 1  co n tin u a  so t h a t  th e re  i s  an in te g e r  r  such 
t h a t  S /S  i s  r-indecom posab le .  Hence we may assume S has a  a e ro .
Swingle (19) p roved  th a t  S i s  th e  e s s e n t i a l  sum o f  n  d i s t i n c t  in d e ­
composable co n tin u a  S g , « •« , S ^ . In  (2) i t  i s  shown t h a t  f o r  
each i  th e re  i s  a  composant o f  such th a t  m eets no o th e r  S^* 
Now S i s  lo c a l ly  connected  a t  i t s  aero  elem ent o .  But each i s  
dense i n  so  i t  fo llow s th a t  any connected open s e t  0 ab o u t o meets 
so t h a t  0 co n ta in s  C. * Thus we a re  l e d  to  a c o n tra d ic tio n *
THEOREM 3*27* I f  S ® ES ^ SE and S i s  a-indecom posable th en  f o r  each 
e i n  S th e  c la n  eSe has vacuous i n t e r i o r  u n le ss  S i s  a  group and n  « 1* 
PROOF, I f  eSe has an  i n t e r i o r  i t  must co n ta in  a. composant o f  as  
above, and hence some Sj_* I t  i s  shown i n  (2) t h a t  each i s  a  sym­
m e tric  T(p) s e t .  The theorem  now fo llo w s  from  Theorem X«10*
I t  i s  c le a r  t h a t  i f  S i s  1 - indecom posable and a  composant C 
co n ta in s  K then  C i s  an idea l-.and  C co n ta in s  E .
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EXAMPLE 3*1® An e asy  m o d if ic a tio n  i n  th e  c o n s tru c t io n  o f  Example 2*1 
shows t h a t  th e r e  i s  a  c la n  w ith  ze ro  c o n s is t in g  o f  th e  u s u a l  complex 
d is c  w ith  an  a rc  s p i r a l i n g  upon th e  c irc le -b o u n d a ry  w hich i s  a  sym­
m e tr ic  T (p) s e t .
EXAMPLE 3*2* L o t S b e  a  c la n  as  i n  Example 2 .1 ,  which i s  i r r e d u c ib le  
from  G, i t s  k e rn e l*  to  i t s  u n i t .  L e t C be  th e  c a n to r  s e t  a s  a  sem i­
group w ith  u n i t  and s e r o ,  The "min" m u l t ip l ic a t io n  w i l l  s u f f ic e *
Form S x  C, w ith  c o o rd in a te w ise  m u l t ip l ic a t io n #  S h rin k  each  s e t  o f  
th e  form  fg \  2  C t o  a  p o in t  w here g i s  an e lem en t o f  G. T ha t i s ,  
d e f in e  ( ( s i  x  £c})R (te*J x  [c » l)  i s  s  "  c and s ’ m c s o r  i f  s  “  s * 
an  e lem en t o f  G* The u s u a l  m ethods v e r i f y  S t o  be a  t o t a l l y  non­
ap a s y n d e tic  c lan*  I f  G i s  ta k e n  a s  th e  c i r c l e  g ro u p , th e n  S i s  a  
one d im en sio n a l c la n  w ith  no s e p a ra t in g  p o in t*
EXAMPLE 3 .3*  L e t S be th e  c la n  o f  Example 3 .1 .  Form S f  I ,  w ith  
c o o rd in a te w ise  m u l t ip l ic a t io n .  S h rin k  each s e t  x  I  t o  a  p o in t ,  a s  
:>n Example 3*2* The r e s u l t  may b e  d e s c r ib e d  a s  a  2 -d im en s io n a l r a y  
s p i r a l i n g  upon th e  boundary o f  a  d isc *  This may be done f o r  any n* 
In d eed  one co u ld  c o n s tr u c t  a  c a n to r  s e t  o f  n -d im a n s io n a l ray s  s p i r a l in g  
down*
EXAMPLE 3*U. L e t S b e  a  t r i o d  w ith  one e n d p o in t a  z e ro  o and  hav ing  
a  u n it*  L e t C be  th e  c a n to r  s e t  u n d e r ,iminf8 * Form S x  C and s h r in k  
x  c  to  a  p o in t*  The r e s u l t  i s  a  one d im en sio n a l c la n  w ith  ze ro  
which i s  n o t  a  s u b s e t  o f  th e  p lan e*
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EXAMPLE 3 o£« We now d e s c r ib e  a  c la n  w ith  i t s  u n i t  c o n ta in e d  i n  no 
a rc *  We d e f in e  f o r  each  n  a  seq u en ce  o f  c la n s  {s(n)3* F o r  each  n  
l e t  S (n ) b e  th® c la n  o f  Example 3«X, a n  i n f i n i t e  h a l f - r a y  w in d in g  
upon th e  r im  o f  a  d i s c  w ith  th e  d i s c  in c lu d e d *  F o r  each  n  l o t  S (n )  
and  S ( n ' + 1 ) m eet a t  e x a c t ly  one p o i n t  w hich i s  th e  u n i t  o f  S (n )  and 
th e  ae ro  o f  S (n  + l ) «  The h a l f - r a y  o f  S (n )  e n d n a te s  from  th e  a e ro  
o f  S (n  + 1)*  C o n s tru c t  th e  con tinuum  wilieh i s  th e  c lo s u r e  o f  th e  
u n io n  o f  th e  S (± ) i n  su ch  a  way t h a t  i f  f s ( n ) ^  i s  any  seq u en ce  o f  
p o in t s  w ith  s ( n )  a n  e lem en t o f  S (n )  th e n  f s ( a ) ^  co n v erg es  to  a  f ix e d  
p o in t  d en o te d  b y  1* Now d e f in e  th e  p ro d u c t  s ( k ) * s ( j )  ®- s ( j)® e 0 c )  ® 
s ( r a i n ( k , j ) )  w henever k  /  j*  The p ro d u c t  i s  th e  u s u a l  f o r  k  ® j*  
F i n a l l y ,  d e f i n e ,  f o r  an y  r ,  th e  p r o d u c t  s  ( r )  «1 «* 1*3 ( r )  s  ( r )  • I f  
S d e n o te s  th e  c lo s u r e  o f  th e  u n io n  o f  th e  th e n  S i s  a  c la n  w ith  
i t s  u n i t  1 c o n ta in e d  i n  no a rc *
Example g iv e s  r i s e  t o  th e  c o n je c tu r e  t h a t  a  c l a n ,  i f  a  
s u b s e t  o f  tn© p la n e ,  c o n ta in s  an a r c  c o n ta in in g  th e  u n i t  o f  th e  c la n *
EXAMPLE 3*6* JLet L b e  a  sem igroup i r r e d u c ib ly ,  c o n n ec te d  from  i t s  
ae ro  k  t o  i t s  u n i t  u* L o t E (L) b e  th e  s e t  o f  n o n -se ro  id e n p o te n ts  o f  
L composed o f  a  seq u en ce  o f  d i s j o i n t  a r c s  w ith  ( il l  a s  s e q u e n t ia l  
l i m i t i n g  s e t*  Form (L x  I ) x i *  We n o te  t h a t  S « ( (L x  I )x fo J  ) *•
(E(L) x  x  I )  i s  a  sem igroup i n  th e  p la n e *  One may d e s c r ib e  S a s  
a  sq u a re  ( 2 - c e l l )  w ith  one s id e  r e p la c e d  by a  ”s i n  c u rv e ” *
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